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✶ ■♥tr♦❞✉çã♦

❆ ❋ís✐❝❛ ❊st❛tíst✐❝❛✱ ár❡❛ ❞❡ ❣r❛♥❞❡ s✉❝❡ss♦ ♥❛ ❋ís✐❝❛✱ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s ❣❛♥❤♦✉ ❛ ❝♦♠♣✉t❛çã♦ ❝♦♠♦ ✉♠❛

❢❡rr❛♠❡♥t❛ ❡①tr❡♠❛♠❡♥t❡ út✐❧✳ ❙✐st❡♠❛s q✉❡ ❡①✐❣✐r✐❛♠ ✉♠ tr❛t❛♠❡♥t♦ t❡ór✐❝♦ ár❞✉♦ ❡ t❛❧✈❡③ ✐♥tr❛♥s♣♦♥í✈❡❧

♣❛r❛ s❡r❡♠ ❝♦♠♣r❡❡♥❞✐❞♦s ♣♦❞❡♠ ❛❣♦r❛ s❡r tr❛t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♣❛r❛ ❛✉①✐❧✐❛r ♥❡ss❡ ♦❜❥❡t✐✈♦✳

❯♠❛ té❝♥✐❝❛ ❡①t❡♥s✐✈❛♠❡♥t❡ ✉s❛❞❛ é ❛ ❞❡ ▼♦♥t❡ ❈❛r❧♦✱ ❛ q✉❛❧✱ ♥❡ss❡ ❝♦♥t❡①t♦✱ ♣r♦♣õ❡✲s❡ ❛ ❢❛❝✐❧✐t❛r ❛

❛✈❛❧✐❛çã♦ ❞❡ ♠é❞✐❛s tér♠✐❝❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡✈✐t❛♥❞♦ ❝♦♥✜❣✉r❛çõ❡s ❛❧t❛♠❡♥t❡ ✐♠♣r♦✈á✈❡✐s ❞♦ s✐st❡♠❛ ❡✱ ❛♦

✐♥✈és ❞✐ss♦✱ ❢❛③❡♥❞♦ ❛♠♦str❛❣❡♥s ♥❛s ❝♦♥✜❣✉r❛çõ❡s ♠❛✐s r❡♣r❡s❡♥t❛t✐✈❛s✳ ➱ ✉♠ ♣♦❞❡r♦s♦ ♠ét♦❞♦ ♥❛ ♠♦❞❡❧❛❣❡♠

❞❡ ♠❛❣♥❡t♦s ❝♦♠ r❡❞❡s ❞❡ s♣✐♥s✱ q✉❡ ❛q✉✐ s❡rá ❛♣r❡s❡♥t❛❞❛ ❝♦♠ ❞♦✐s ❛❧❣♦r✐t♠♦s ❡♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❞❡ ▼❡tr♦♣♦❧✐s

❡ ❞❡ ❲♦❧✛✳

❖ ❡st✉❞♦ s❡rá ❢❡✐t♦ ❡♠ r❡❞❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s✱ q✉❛❞r❛❞❛s✱ ❞❡ t❛♠❛♥❤♦ ▲①▲✱ ❝♦♠ ▲ ✐♥t❡✐r♦✳ ❊♠ ❝❛❞❛ ♣❛r

(X1, X2) ❞❛ r❡❞❡ é ❝♦❧♦❝❛❞♦ ✉♠ s♣✐♥✱ q✉❡ s♦❢r❡rá ❛ ❛çã♦ ❛♣❡♥❛s ❞❡ s❡✉s ✈✐③✐♥❤♦s ✐♠❡❞✐❛t♦s✳ ◆♦ ❝❛s♦ ❞❡ ❛♦s s♣✐♥s

s♦♠❡♥t❡ s❡ ♣❡r♠✐t✐r ❛ss✉♠✐r ✈❛❧♦r❡s ✶ ❡ ✲✶✱ t❡♠✲s❡ ♦ ❢❛♠♦s♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✳ ❙❡ ♣♦r ♦✉tr♦ ❧❛❞♦ ♦s s♣✐♥s ♣✉❞❡r❡♠

s❡r ♣♦s✐❝✐♦♥❛❞♦s ❡♠ q✉❛❧q✉❡r ❞✐r❡çã♦ ❞♦ ❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ t❡♠✲s❡ ♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣✳ ❚❛♠❜é♠ s❡rã♦

✐♥tr♦❞✉③✐❞♦s ❞❡❢❡✐t♦s ♥❛s ❧✐❣❛çõ❡s q✉❡ ♠❡❞❡✐❛♠ ❛ ❛çã♦ ❡♥tr❡ ♦s ✈✐③✐♥❤♦s ❞❡ ❞✐❢❡r❡♥t❡s ❢♦r♠❛s✱ s✐♠✉❧❛♥❞♦ ❛

❞❡s♦r❞❡♠ ❡♥❝♦♥tr❛❞❛ ❡♠ ❛❧❣✉♥s ♠❛t❡r✐❛✐s✳

✶✳✶ ▼♦❞❡❧♦ ❞❡ ■s✐♥❣

◆♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✱ t❡♠✲s❡ ✉♠❛ r❡❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ q✉❛❞r❛❞❛ ❡♠ q✉❡ ❝❛❞❛ sít✐♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ s♣✐♥✱ q✉❡

♣♦❞❡ ❛ss✉♠✐r ✈❛❧♦r❡s 1 ❡ −1✱ ❡ ❝❛❞❛ ✉♠ ❞❡❧❡s ✐♥t❡r❛❣❡ ❛♣❡♥❛s ❝♦♠ s❡✉s q✉❛tr♦ ✈✐③✐♥❤♦s ✐♠❡❞✐❛t♦s✱ ❞❡♥♦♠✐♥❛❞♦s

♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s ✭✜❣✉r❛ ✶✮✳

❆ ❡♥❡r❣✐❛ ❞❛ ❝♦♥✜❣✉r❛çã♦ é

E = J
∑

〈ij〉

SiSj +B
∑

i

Si. ✭✶✮

❊♠ q✉❡ Si é ♦ ✈❛❧♦r ❞♦ s♣✐♥ ♥♦ sít✐♦ i✱ B é ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦ ❡ J ❛ ❝♦♥st❛♥t❡ ❞❡ tr♦❝❛ ♠❛❣♥ét✐❝❛✳

❊st❛ ❞❡t❡r♠✐♥❛ ❛ t❡♥❞ê♥❝✐❛ ❞❡ ♦s s♣✐♥s s❡ ❛❧✐♥❤❛r❡♠ ♣❛r❛❧❡❧❛ ♦✉ ❛♥t✐♣❛r❛❧❡❧❛♠❡♥t❡✱ ❞❡♣❡♥❞❡♥❞♦ s❡ J < 0 ♦✉

J > 0✳

◆❡st❡ ♣r♦❥❡t♦✱ t♦♠❛✲s❡ s❡♠♣r❡ B = 0✱ ❞❡ ♠♦❞♦ q✉❡ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ❡ss❡ t❡r♠♦ s❡rá ♦♠✐t✐❞♦✳ ❆❧é♠ ❞✐ss♦✱

sã♦ ✉t✐❧✐③❛❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✱ ❝♦♠ ♦ ✈✐③✐♥❤♦ ❞❡ ❝✐♠❛ ❞♦ sít✐♦ (x, L)✱ ♥❛ ❢r♦♥t❡✐r❛✱ s❡♥❞♦ (x, 1)

❡ ♦ ❞❛ ❞✐r❡✐t❛ ❞❡ (L, y) s❡♥❞♦ (1, y)✳

❖ s✐st❡♠❛ ✜❝❛ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✳ P❛r❛ ✉♠❛ ❞❛❞❛ t❡♠♣❡r❛t✉r❛ T 6= 0✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ ❝❛❞❛ ♠✐❝r♦❡st❛❞♦ α✱ ✐st♦ é✱ ❝♦♥✜❣✉r❛çã♦ ♣❛rt✐❝✉❧❛r ❞❛ r❡❞❡ ❝♦♠ ❡♥❡r❣✐❛ Eα✱ é ❞❛❞❛ ♣❡❧❛ ❞✐str✐❜✉✐çã♦ ❞❡

❇♦❧t③♠❛♥♥✿

Pα =
1

Z
exp

−Eα

kBT
. ✭✷✮

kB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ q✉❡ ❛q✉✐ s❡rá ❛❞♦t❛❞❛ ❝♦♠♦ ✉♥✐tár✐❛ ✭kB = 1✮✳ Z é ❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦✱

♦❜t✐❞❛ ✐♠♣♦♥❞♦✲s❡
∑

α Pα = 1✳

❈♦♠♦ tr❛t❛♠♦s ❞❡ s✐st❡♠❛s ❡♠ ❡q✉✐❧í❜r✐♦✱ Pα ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ t❡♠♣♦✳

❆ ♠❛❣♥❡t✐③❛çã♦ t♦t❛❧ M é s✐♠♣❧❡s♠❡♥t❡ ❛ s♦♠❛ ❞♦s s♣✐♥s ❞❛ r❡❞❡✱ ✐st♦ é✱ M =
∑

i Si✳

❆ ♣❛rt✐r ❞❛s ❣r❛♥❞❡③❛s ❛♥t❡r✐♦r❡s✱ ❞❡t❡r♠✐♥❛♠✲s❡ s✉❛s ✢✉t✉❛çõ❡s✳ P♦r ❡①❡♠♣❧♦✿ P❛r❛ ♦❜t❡r ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱

❞❡✜♥✐❞♦ ♣♦r C = (∂E/∂T )V ✱ ♣❛rt❡✲s❡ ❞♦ ✈❛❧♦r ♠é❞✐♦ ❞❛ ❡♥❡r❣✐❛✱

✶



〈E〉 =
∑

α Eα exp
(

− Eα

kBT

)

∑

α exp
(

− Eα

kBT

) ✭✸✮

❡ ❞❛ ❡♥❡r❣✐❛ q✉❛❞rát✐❝❛✱

〈E2〉 =
∑

α E2
α exp

(

− Eα

kBT

)

∑

α exp
(

− Eα

kBT

) ✭✹✮

❚♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡ ✭✸✮ ❝♦♠ r❡❧❛çã♦ ❛ (kBT )
−1 ≡ β✱

∂E

∂β
=

(∑

Ee−Eβ

∑

e−Eβ

)2

−
∑

E2e−Eβ

∑

e−Eβ
= 〈E〉2 − 〈E2〉 ✭✺✮

❊♥tã♦✱ ✜❝❛ ❝❧❛r♦ q✉❡ C = 〈E2〉−〈E〉2

kBT 2 ✳

P♦r ✈✐❛ s❡♠❡❧❤❛♥t❡✱ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ χ = 〈M2〉−〈M〉2

kBT
✳

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r✱ ❞❡✜♥✐❞♦ ♣♦r U = 3
2

(

1− 〈M4〉
3〈M2〉2

)

✱ é út✐❧ ♥❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✳ ❆

✐♥t❡rs❡❝çã♦ ❞❛s ❝✉r✈❛s ❞❡ U ♣❛r❛ r❡❞❡s ❞❡ ❞✐✈❡rs♦s t❛♠❛♥❤♦s ✐❞❡♥t✐✜❝❛ ❝♦♠ ❛❧t❛ ♣r❡❝✐sã♦ ❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳

❖ ❢❛t♦r ❞❡ 3
2 é ✐♥tr♦❞✉③✐❞♦ ♣❛r❛ ♥♦r♠❛❧✐③❛çã♦✱ ❞❡ ♠♦❞♦ q✉❡ U → 1 ♣❛r❛ T → 0✳

✶✳✷ ▼♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣

❖ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞✐❢❡r❡ ❞♦ ❛♥t❡r✐♦r ❡♠ ♣❡r♠✐t✐r q✉❡ ♦s s♣✐♥s s❡ ♦r✐❡♥t❡♠ ❡♠ q✉❛❧q✉❡r ❞✐r❡çã♦ ♥♦

❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ ♠❛s ❛✐♥❞❛ ❝♦♠ ♠ó❞✉❧♦ 1✳ ❖✉ s❡❥❛✱ ❝❛❞❛ s♣✐♥ é

Si = (Sx
i , S

y
i , S

z
i ) : |Si| = 1

❆ss✐♠✱ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧ ❞❛ ❡♥❡r❣✐❛ é

E = J
∑

〈ij〉

Si · Sj ✭✻✮

❡ ❛ ❞❛ ♠❛❣♥❡t✐③❛çã♦✱ M =
∑

i Si✳

χ ❡ C sã♦ ❞❡✜♥✐❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ♠❛s ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ♣❛ss❛ ❛ s❡r ❞❛❞♦ ♣♦r U = 5
2

(

1− 3〈M4〉
5〈M2〉2

)

✳

❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ❢❛t♦r ❞❡ 5
2 é ✐♥tr♦❞✉③✐❞♦ ♣❛r❛ ♥♦r♠❛❧✐③❛çã♦✳

✶✳✸ ▼♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s

❆té ❡♥tã♦✱ ❛♣❡♥❛s ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ♦s q✉❛tr♦ ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s✳ ◆❡st❡ ♠♦❞❡❧♦✱ ♦s ♦✉tr♦s q✉❛tr♦

♥❛s ❞✐❛❣♦♥❛✐s✱ ❞❡♥♦♠✐♥❛❞♦s s❡❣✉♥❞♦s ✈✐③✐♥❤♦s✱ t❛♠❜é♠ s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ✭✜❣✉r❛ ✶✮✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✈❡✲s❡

❞✐❢❡r❡♥❝✐❛r ❛ ✐♥t❡r❛çã♦ ❞♦s ♣r✐♠❡✐r♦s ❡ ❞♦s s❡❣✉♥❞♦s ✈✐③✐♥❤♦s ❝♦♠ ♦s ♣❛râ♠❡tr♦s J1 ❡ J2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡

❛ss✐♠ s✉r❣❡ ✉♠❛ ♥♦✈❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❡♥❡r❣✐❛✱

E = J1
∑

〈ij〉

Si · Sj + J2
∑

〈〈ik〉〉

Si · Sk ✭✼✮

❊st❛ ❛❧t❡r❛çã♦ ♦r✐❣✐♥❛ ♦ ❢❡♥ô♠❡♥♦ ❞❛ ❢r✉str❛çã♦✿ ❞❛❞♦ J2 ❛♥t✐❢❡rr♦♠❛❣♥ét✐❝♦✱ ♥ã♦ é ♣♦ssí✈❡❧ s❛t✐s❢❛③❡r ♦s

♣r✐♠❡✐r♦s ❡ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✭✜❣✉r❛ ✷✮✳

✷



❋✐❣✉r❛ ✶✿ ❆❧❣✉♥s sít✐♦s ❞❛ r❡❞❡ q✉❛❞r❛❞❛✳
❖s sít✐♦s ✉♥✐❞♦s ♣♦r s❡❣♠❡♥t♦s ✈❡r❞❡s sã♦ ♦s
♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s ❞♦ sít✐♦ ❛③✉❧❀ ♣♦r ❧❛r❛♥❥❛s✱
♦s s❡❣✉♥❞♦s✳

❋✐❣✉r❛ ✷✿ ❘❡❞❡s ♠♦str❛♥❞♦ q✉❡ ❛ ❢r✉str❛çã♦ só ♦❝♦rr❡ s❡ J2
❢♦r ❛♥t✐❢❡rr♦♠❛❣♥ét✐❝❛✳ ❙♣✐♥s ♥♦s sít✐♦s ❝♦♠ ✬❄✬ ♥ã♦ ♣♦❞❡♠
s❛t✐s❢❛③❡r ♣r✐♠❡✐r♦s ❡ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❙❡rã♦ ❛♥❛❧✐s❛❞♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥♦ ♠♦❞❡❧♦ ❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ú♥✐❝❛ ❧✐❣❛çã♦ ❞❡ ♣r✐♠❡✐r♦

✈✐③✐♥❤♦ ❝♦♠ ♣❛râ♠❡tr♦ J1 → J1(1 + ∆)✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❡ ❡♠ s❡❣✉✐❞❛ ❝♦♠ ❞❡s♦r❞❡♠ ❣❡♥❡r❛❧✐③❛❞❛✱ ❡♠ q✉❡ t♦❞❛s

❛s ❧✐❣❛çõ❡s ❞❡ ♣r✐♠❡✐r♦ ✈✐③✐♥❤♦ t❡rã♦ J1 → J1(1 + ∆) ♦✉ J1 → J1(1−∆)✱ ❝❛❞❛ q✉❛❧ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ 1/2✳

❆ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠ ♦✉tr♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ s❡ ♠♦str❛rá ❝♦♥✈❡♥✐❡♥t❡ ❬✶❪✳ ❉❡✜♥✐❞♦ ♣♦r

σα =
(Si − Sk) · (Sj − Sl)

|(Si − Sk) · (Sj − Sl)|
✭✽✮

♣❛r❛ ❝❛❞❛ sít✐♦ α✱ ❡♠ q✉❡ ♦s rót✉❧♦s ❡stã♦ ♥❛ ✜❣✉r❛ ✶✱ ♥❡❧❡ ❡stã♦ ❜❡♠ ❝♦❞✐✜❝❛❞❛s ❛s ❢❛s❡s ❞❡ t✐r❛s ✭✜❣✉r❛ ✸✮

q✉❡ s❡rã♦ ♦❜s❡r✈❛❞❛s ♥❛ ❛♥á❧✐s❡ ♣♦st❡r✐♦r✳ ❚❛❧ ♣❛râ♠❡tr♦ é ❞♦ t✐♣♦ ■s✐♥❣✱ ♣♦rt❛♥t♦ ✉s❛✲s❡ ❝♦♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❇✐♥❞❡r U = 3
2

(

1− 〈M4〉
3〈M2〉2

)

✳

❋✐❣✉r❛ ✸✿ ❱✐sã♦ ♣❧❛♥❛r ❞♦s ♦r❞❡♥❛♠❡♥t♦s ♣♦ssí✈❡✐s ❞♦s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ r❡❞❡s s♦❜ ♦ r❡❣✐♠❡ ❞❡ ❍❡✐✲
s❡♥❜❡r❣ ❝♦♠ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s✳ ❆s t✐r❛s ❝❛r❛❝t❡r✐③❛♠✲s❡ ♣❡❧♦ ♦r❞❡♥❛♠❡♥t♦ ❢❡rr♦♠❛❣♥ét✐❝♦ ❡♠ ✉♠❛ ❞✐r❡çã♦
❡ ❛♥t✐❢❡rr♦♠❛❣♥ét✐❝♦ ♥❛ ♦✉tr❛ ✭♦✉ ✈✐❝❡✲✈❡rs❛✮✳ ❆ ❢❛s❡ ❞❡ ◆é❡❧✱ ♣❡❧♦ ❛♥t✐❢❡rr♦♠❛❣♥ét✐❝♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s✳
❈♦♥st❛t❛✲s❡ q✉❡ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ t✐r❛s ♦❝♦rr❡♠ ❝♦♠ J2/J1 > 0,5 ❡ ❞❡ ◆é❡❧ ❝♦♠ J2/J1 < 0,5✳ ❆ ❢❛s❡
❛♥t✐❝♦❧✐♥❡❛r t❛♠❜é♠ ❝♦♥tr✐❜✉✐ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❡♠ ❛❧❣✉♥s ❝❛s♦s ❡s♣❡❝í✜❝♦s✱ ❝♦♠♦ s❡rá ✈✐st♦✳

✶✳✹ ❙✐♠✉❧❛çõ❡s ♣♦r ▼♦♥t❡ ❈❛r❧♦

❆ ✜♠ ❞❡ ❞❡t❡r♠✐♥❛r ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞❛s ✈❛r✐á✈❡✐s t❡r♠♦❞✐♥â♠✐❝❛s ♥♦s ❞✐✈❡rs♦s ♠♦❞❡❧♦s✱ ❡♠♣r❡❣❛♠✲s❡

s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ❢❛③❡r ❞✐✈❡rs❛s ❛♠♦str❛❣❡♥s✳ ❈♦♠♦ ❛ ♣❛ss❛❣❡♠ ❞❡ ✉♠ ❡st❛❞♦ ❛ ♦✉tr♦ ❞♦ s✐st❡♠❛

s❡ ❞á ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠❛ r❡❣r❛ ♣r♦❜❛❜✐❧íst✐❝❛✱ ❡ss❛s s✐♠✉❧❛çõ❡s ❞❡✈❡♠ ❣❡r❛r ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✱ ❝❛r❛❝t❡r✐③❛♥❞♦✲

s❡ ❝♦♠♦ s✐♠✉❧❛çõ❡s ▼♦♥t❡ ❈❛r❧♦✳

❖s ❛❧❣♦r✐t♠♦s ❞❡ ❛♠♦str❛❣❡♠ q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❝♦♠♣❛rt✐❧❤❛♠ ❡♥tr❡ s✐ ❛✐♥❞❛ ♦✉tr❛ ♣r♦♣r✐❡❞❛❞❡✿ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ Pab ❞♦ s✐st❡♠❛ ❞❡ ✉♠ ❡st❛❞♦ a ♣❛r❛ ♦✉tr♦ b ✭a ❡ b q✉❛✐sq✉❡r✮ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦

✸



❝❛♠✐♥❤♦ t♦♠❛❞♦ ❛té a✱ ♠❛s ❛♣❡♥❛s ❞♦s ♣ró♣r✐♦s ❡st❛❞♦s a ❡ b✱ ♣♦r ✐ss♦ Pab é ✉♠❛ ❝♦♥st❛♥t❡✳ ❉❡✜♥❡✲s❡ ✉♠

♣r♦❝❡ss♦ ❞❡ss❛ ♥❛t✉r❡③❛ ❝♦♠♦ ♠❛r❦♦✈✐❛♥♦✳ ❉♦ ❡st❛❞♦ b ❣❡r❛❞♦ ❛ ♣❛rt✐r ❞❡ a s❡❣✉✐rá ✉♠ ♦✉tr♦ ❡st❛❞♦ c✱ ❡ ❛ss✐♠

s✉❝❡ss✐✈❛♠❡♥t❡✱ ❢♦r♠❛♥❞♦ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳

P❛r❛ ❛t✐♥❣✐r ♦ ❡q✉✐❧í❜r✐♦ ♣❛rt✐♥❞♦ ❞❡ ✉♠ ❡st❛❞♦ q✉❛❧q✉❡r✱ ♦ ♣r♦❝❡ss♦ ♠❛r❦♦✈✐❛♥♦ r❡❣❡♥❞♦ ♦ s✐st❡♠❛ ❞❡✈❡

s❛t✐s❢❛③❡r ❛s ❝♦♥❞✐çõ❡s ❞❡✿

• ❊r❣♦❞✐❝✐❞❛❞❡✿ ❯♠❛ ✈❡③ q✉❡ t♦❞♦ ❡st❛❞♦ b t❡♠ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❇♦❧t③♠❛♥♥ ♥ã♦ ♥✉❧❛✱ ❞❛❞♦ ♦ t❡♠♣♦

s✉✜❝✐❡♥t❡ ✭❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ s✉✜❝✐❡♥t❡s ♣❛ss♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦✮✱ ♦ s✐st❡♠❛ ❞❡✈❡ ♣♦❞❡r ❛t✐♥❣✐r q✉❛❧q✉❡r

❡st❛❞♦ b ❛ ♣❛rt✐r ❞❡ q✉❛❧q✉❡r ❡st❛❞♦ a❀ ❡

• ❇❛❧❛♥ç♦ ❞❡t❛❧❤❛❞♦✿ P❛r❛ ❣❛r❛♥t✐r q✉❡ ❛♣ós ❛t✐♥❣✐❞♦ ♦ ❡q✉✐❧í❜r✐♦ s❡ ❡st❛❜❡❧❡❝❡rá ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡s ❞❡ ❇♦❧t③♠❛♥♥✱ é ♣r❡❝✐s♦ q✉❡ PaPab = PbPba✳ ■st♦ é✱ ♦ s✐st❡♠❛ tr❛♥s✐❝✐♦♥❛ ❞❡ a ♣❛r❛ b t❛♥t❛s ✈❡③❡s

q✉❛♥t♦ ❞❡ b ♣❛r❛ a✱ ❡♠ ♠é❞✐❛✳

➱ út✐❧ tr❛❜❛❧❤❛r ❝♦♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ r❡♣r❡s❡♥t❛♥❞♦✲❛s ♣♦r ❞♦✐s ❢❛t♦r❡s✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ gab

❞❡ ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛r ♦ ❡st❛❞♦ b ❛ ♣❛rt✐r ❞♦ a ❡ ❛ t❛①❛ Aab ❝♦♠ q✉❡ ❡ss❛ tr❛♥s✐çã♦ ❞❡✈❡ s❡r r❡❛❧✐③❛❞❛✳ ❆ss✐♠✱

Pab = gabAab

❡ ❛ ❝♦♥❞✐çã♦ ✐♠♣♦st❛ ♣❡❧♦ ❜❛❧❛♥ç♦ ❞❡t❛❧❤❛❞♦ é

Pab

Pba

=
gabAab

gbaAba

= exp[−β(Eb − Ea)] ✭✾✮

❈♦♠ ❡ss❡ ❛r❝❛❜♦✉ç♦ é ♣♦ssí✈❡❧ ♣r♦❞✉③✐r ❞✐✈❡rs♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ s✐♠✉❧❛r ♣♦r ❝♦♠♣✉t❛çã♦ ♦ s✐st❡♠❛ ❞❡ s♣✐♥s

❡♠ ❡q✉✐❧í❜r✐♦ ❡ ❛ss✐♠ ❝♦❧❡t❛r ♦s ✈❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s t❡r♠♦❞✐♥â♠✐❝❛s✳

✶✳✺ ❆❧❣♦r✐t♠♦ ❞❡ ▼❡tr♦♣♦❧✐s

❊st❡ é ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ ❣✐r❛ ✉♠ s♣✐♥ ♣♦r ✈❡③ ❡✱ ♣♦r ✐ss♦✱ ❝❛❞❛ ❛t✉❛çã♦ ♣♦❞❡ ❛❧t❡r❛r ❛ ❡♥❡r❣✐❛ ❞❛

❝♦♥✜❣✉r❛çã♦ ❡♠ ♥♦ ♠á①✐♠♦ 8J ✳

❆s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ a sã♦ ❡s❝♦❧❤✐❞❛s ❝♦♠♦ ✐❣✉❛✐s ♣❛r❛ ❝❛❞❛ ❡st❛❞♦

✜♥❛❧ b✳ ❈♦♠♦ ❝❛❞❛ s♣✐♥ ❞❡ ✉♠ t♦t❛❧ ❞❡ N ♣♦❞❡ s❡r ❣✐r❛❞♦✱ gab = 1/N ✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♦❜té♠✲s❡ ❞❡ ✭✾✮ ❛ r❛③ã♦

❡♥tr❡ ❛s t❛①❛s ❞❡ ❛❝❡✐t❛çã♦
gabAab

gbaAba

=
Aab

Aba

= exp[−β(Eb − Ea)] ✭✶✵✮

❖ ❛❧❣♦r✐t♠♦ ❞❡ ▼❡tr♦♣♦❧✐s ✉t✐❧✐③❛ ❛ t❛①❛ ❞❡ ❛❝❡✐t❛çã♦

Aab = exp[−β(Eb − Ea)]✱ s❡ Eb > Ea

Aab = 1✱ ❝❛s♦ ❝♦♥trár✐♦
✭✶✶✮

✶✳✺✳✶ ■♠♣❧❡♠❡♥t❛çã♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣

❊♠ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ❞❡ s♣✐♥s✱ ❞❡ ❞✐♠❡♥sõ❡s ▲①▲✱ ❝♦♠❡ç❛♥❞♦ ❝♦♠ i = 1✱

✶✳ ●❡r❛✲s❡ ✉♠❛ ❞✐r❡çã♦ (x, y, z) ❛❧❡❛tór✐❛✱ ❝♦♠ |(x, y, z)| = 1❀

✭❛✮ ❆❢❡r❡✲s❡ ❛ ✈❛r✐❛çã♦ ❞❡ ❡♥❡r❣✐❛ δE q✉❡ r❡s✉❧t❛r✐❛ s❡ ♦ s♣✐♥ ❞♦ sít✐♦ i ❡st✐✈❡ss❡ ♥❛q✉❡❧❛ ❞✐r❡çã♦❀

✭❜✮ ●❡r❛✲s❡ ✉♠ ♥ú♠❡r♦ ❛❧❡❛tór✐♦ 0 ≤ r ≤ 1❀

✭❝✮ ❙❡ r ≤ exp −δE
kT

✱ ♦ s♣✐♥ é ❝♦❧♦❝❛❞♦ ♥❛q✉❡❧❛ ❞✐r❡çã♦❀

✹



✭❞✮ ❊s❝♦❧❤❡✲s❡ ♦ ♣ró①✐♠♦ sít✐♦ ✭i = i+1✮ ❡ r❡♣❡t❡♠✲s❡ ♦s ♣❛ss♦s ✭❛✮ ❛ ✭❞✮ ❛té q✉❡ t♦❞❛ ❛ r❡❞❡ t❡♥❤❛ s✐❞♦

♣❡r❝♦rr✐❞❛✳

●❡r❛r ✉♠❛ ❞✐r❡çã♦ ❛❧❡❛tór✐❛ ❡♠ três ❞✐♠❡♥sõ❡s ♥ã♦ é tr✐✈✐❛❧ ❝♦♠♦ ❡♠ ❞✉❛s✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦✱ ❞❡s❝r✐t♦ ❡♠

❬✷❪✱ é ❣❡r❛r ❞♦✐s ♥ú♠❡r♦s ❛❧❡❛tór✐♦s A1 ❡ A2✱ ❝❛❞❛ q✉❛❧ ♥♦ ✐♥t❡r✈❛❧♦ [−1, 1]✱ ❛té q✉❡ A = A2
1 +A2

2 < 1 ❡ ❡♥tã♦ ❛

❞✐r❡çã♦ ❛❧❡❛tór✐❛ é (2A1

√
1−A, 2A2

√
1−A, 1− 2A)✳

✶✳✻ P❛ss♦ ♠✐❝r♦❝❛♥ô♥✐❝♦

❊st❛ é ✉♠❛ ❡t❛♣❛ s✐♠♣❧❡s✱ r❡❛❧✐③❛❞❛ ♣❛r❛ ❞✐♠✐♥✉✐r ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❡ ❛ s❡❣✉✐♥t❡✱ q✉❡

❝♦♥s✐st❡ ❡♠ r❡✢❡t✐r ✉♠ s♣✐♥ ❡♠ r❡❧❛çã♦ ❛♦ ❝❛♠♣♦ ❣❡r❛❞♦ ❛♣❡♥❛s ♣❡❧♦s s❡✉s ♣r✐♠❡✐r♦s ❡ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s✱

❝❤❛♠❛❞♦ ❝❛♠♣♦ ❧♦❝❛❧✳

❉❛❞♦ q✉❡ ❡ss❡ ♣❛ss♦ ♥ã♦ ❛❧t❡r❛ ❛ ❡♥❡r❣✐❛ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❡ ✈✐♦❧❛ ❛ ❡r❣♦❞✐❝✐❞❛❞❡✱ ♥ã♦ ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦

✐s♦❧❛❞❛♠❡♥t❡ ❡✱ ❛ss✐♠✱ ❞❡✈❡ s❡r ✐♥t❡r❝❛❧❛❞♦ às r♦❞❛❞❛s ❞❡ ▼❡tr♦♣♦❧✐s✱ ❲♦❧✛ ♦✉ ❜❛♥❤♦ tér♠✐❝♦✳

✶✳ ❆❢❡r❡✲s❡ ♦ ❝❛♠♣♦ ❧♦❝❛❧

HL = J1

4
∑

j=1

Sj + J2

4
∑

k=1

Sk ✭✶✷✮

❛❣✐♥❞♦ ❡♠ ✉♠ s♣✐♥ Si ❞❛ r❡❞❡ ❣❡r❛❞♦ ♣❡❧♦s ✈✐③✐♥❤♦s ♣r✐♠❡✐r♦s Sj ❡ s❡❣✉♥❞♦s Sk❀

✷✳ ❖ s♣✐♥ é r❡✢❡t✐❞♦ ♣♦r ❡ss❡ ❝❛♠♣♦✿ Si → −Si + 2HL(HL · Si)/H
2
L❀

✸✳ ❘❡♣❡t❡♠✲s❡ ♦s ✐t❡♥s ❛♥t❡r✐♦r❡s ♣❛r❛ t♦❞♦ sít✐♦ ❞❛ r❡❞❡✳

❋✐❣✉r❛ ✹✿ ❙♣✐♥ ❝❡♥tr❛❧ ❛♥t❡s ✭❡sq✉❡r❞❛✮ ❡ ❞❡♣♦✐s ✭❞✐r❡✐t❛✮
❞❛ ❛çã♦ ❞♦ ♣❛ss♦ ♠✐❝r♦❝❛♥ô♥✐❝♦✳ ❆ s❡t❛ tr❛❝❡❥❛❞❛ ✈❡r♠❡✲
❧❤❛ é ♦ ❝❛♠♣♦ ❧♦❝❛❧ ❡ ❛ tr❛❝❡❥❛❞❛ ❛③✉❧ é ♦ s♣✐♥ ♦r✐❣✐♥❛❧✱
❛♥t❡s ❞❛ ❛çã♦ ❞♦ ♣❛ss♦ ♠✐❝r♦❝❛♥ô♥✐❝♦✳

❋✐❣✉r❛ ✺✿ ➶♥❣✉❧♦s α ❡ γ ✉t✐❧✐③❛✲
❞♦s ♥♦ ❛❧❣♦r✐t♠♦ ❞♦ ❜❛♥❤♦ tér✲
♠✐❝♦✳ γ é ♦ â♥❣✉❧♦ ❡♥tr❡ x′ ❡ ❛
♣r♦❥❡çã♦ ❞❡ Si ♥♦ ♣❧❛♥♦ x′Oy′✳

✶✳✼ ❇❛♥❤♦ tér♠✐❝♦

◆♦s ♠♦❞❡❧♦s ❛❜♦r❞❛❞♦s só ❛s ✐♥t❡r❛çõ❡s ❡♥tr❡ ✈✐③✐♥❤♦s ♣ró①✐♠♦s ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠ s♣✐♥✳ ❉❛

r❡❧❛çã♦ ❞❡ ❇♦❧t③♠❛♥♥ ✭✷✮✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ✉♠ s♣✐♥ é

P (Si,Hi) = C exp(−Eiβ) = C exp(βSi ·Hi)

❊♥tã♦✱ ❣❡r❛♥❞♦ Si ❝♦♥❢♦r♠❡ ❡ss❛ ❞✐str✐❜✉✐çã♦ ❝✉♠♣r❡✲s❡ ❞✐r❡t❛♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❡t❛❧❤❛❞♦✳ ◆✐ss♦

❝♦♥s✐st❡ ♦ ❛❧❣♦r✐t♠♦ ❞♦ ❜❛♥❤♦ tér♠✐❝♦✳

✺



❙❡♥❞♦ α ♦ â♥❣✉❧♦ ❡♥tr❡ Si ❡ Hi ❡ γ ♦ â♥❣✉❧♦ ❛③✐♠✉t❛❧ ❞❡✜♥✐❞♦ ♣❡❧❛ ♣r♦❥❡çã♦ ❞❡ Si ❡♠ ✉♠ ♣❧❛♥♦ ♣❡r♣❡♥❞✐❝✉❧❛r

❛ Hi ✭✜❣✉r❛ ✺✮✱ ❞❡t❡r♠✐♥❛✲s❡ ❛ ❝♦♥st❛♥t❡ C ✐♠♣♦♥❞♦ ❛ ♥♦r♠❛❧✐③❛çã♦✱

1 =

∫ 2π

0

∫ π

0

P (Si,Hi) sinαdαdγ = C

∫ 2π

0

∫ π

0

exp(βSiHi cosα) sinαdαdγ

❊s❝r❡✈❡♥❞♦ w = βHi✱ ♦❜té♠✲s❡

C =
w

2 sinhw

P♦❞❡✲s❡ ❝♦♠ ✐ss♦ ❣❡r❛r α ❡ γ ❛ ♣❛rt✐r ❞❡ ❞♦✐s ♥ú♠❡r♦s ❛❧❡❛tór✐♦s A ❡ B✱ ❝❛❞❛ ✉♠ ❞✐str✐❜✉í❞♦ ✉♥✐❢♦r♠❡♠❡♥t❡

❡♠ [0, 1]✳

❯♠❛ ✈❡③ q✉❡ P (Si,Hi) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ γ✱ ❞❡✈❡ s❡r s♦rt❡❛❞♦ ❡♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❡♠ [0, 2π]✳

γ = 2πA

P♦r s✉❛ ✈❡③✱ ❡♥❝♦♥tr❛✲s❡ α ✐♠♣♦♥❞♦

B =

∫ α

0

P sinα′dα′ =
w

2 sinhw

∫ α

0

exp(w cosα′) sinα′dα′ = − w

2 sinhw

∫ cosα

0

exp(w cosα′)d cosα′

❡ ❡♥tã♦✱ ❝♦♠ x′ = cosα✱ ♦❜té♠✲s❡✱ B = (ew − ewx′

)/(2 sinhw)✳ ■♥✈❡rt❡♥❞♦✱

x′ = 1 +
ln[1−B(1− e−2w)]

w

❉❡t❡r♠✐♥♦✉✲s❡ ❛ss✐♠ Si ❝♦♠ r❡s♣❡✐t♦ ❛ Hi✱ ✐st♦ é✱ ❛♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s (x′, y′, z′)✳

Si = sinα cos γ x̂′ + sinα sin γ ŷ′ + cosα ẑ′

▼❛s ✐ss♦ ♥ã♦ ❜❛st❛✿ ❯♠❛ ✈❡③ q✉❡ ❝❛❞❛ s♣✐♥ ❡st❛rá s♦❜ ❛ ❛çã♦ ❞❡ ✉♠ ❝❛♠♣♦ ❧♦❝❛❧ ❞✐❢❡r❡♥t❡✱ é ♥❡❝❡ssár✐♦

❡①♣r❡ss❛r Si ❡♠ r❡❧❛çã♦ ❛ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✉♥✐✈❡rs❛❧ (x, y, z)✳

❉❡✜♥❛♠✲s❡ ♦s â♥❣✉❧♦s θ ♣♦❧❛r ❡ φ ❛③✐♠✉t❛❧ ❡♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ ✉♥✐✈❡rs❛❧ (x, y, z) t❛✐s q✉❡

cos θ =
Hz

H
, sin θ =

√

1− cos2θ, cosφ =
Hx

H sin θ
, sinφ =

Hy

H sin θ
✭✶✸✮

❊♥tã♦✱ ♣♦r ✜♠✱ t❡♠✲s❡ ❛ ❡①♣r❡ssã♦ ❞❡ ✉♠ s♣✐♥ i ❡♠ r❡❧❛çã♦ ❛ ❡ss❡ s✐st❡♠❛✿

Sx
i = sinα cos γ cos θ cosφ− sinα sin γ sinφ+ cosα sin θ cosφ

Sy
i = sinα cos γ cos θ sinφ− sinα sin γ cosφ+ cosα sin θ sinφ

Sz
i = cosα cos θ − sinα cos γ sin θ

✭✶✹✮

✶✳✼✳✶ ■♠♣❧❡♠❡♥t❛çã♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣

❊♠ ✉♠❛ r❡❞❡ ❞❡ s♣✐♥s ▲①▲✱ ❝♦♠❡ç❛♥❞♦ ❝♦♠ i = 1✱

✶✳ ❆❢❡r❡✲s❡ ♦ ❝❛♠♣♦ ❧♦❝❛❧ Hi✱ ❞❛❞♦ ♣♦r ✭✶✷✮✱ ❛t✉❛♥❞♦ ♥♦ s♣✐♥ i❀

✷✳ ●❡r❛♠✲s❡ ❞♦✐s ♥ú♠❡r♦s ❛❧❡❛tór✐♦s A ❡ B ❡✱ ❝♦♠ ❡❧❡s✱ γ = 2πA ❡ x = 1 + ln[1−B(1−e−2w)]
w

❀

✸✳ ❈❛❧❝✉❧❛♠✲s❡ ♦s s❡♥♦s ❡ ❝♦ss❡♥♦s ❞♦s â♥❣✉❧♦s✿

✻



• α✿ cosα = x✱ sinα =
√
1− cos2 α❀

• γ✿ ❉✐r❡t❛♠❡♥t❡❀

• θ ❡ φ✿ ❈♦♥❢♦r♠❡ ✭✶✸✮✳

✹✳ ❆tr✐❜✉✐✲s❡ ❛ Si ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛❞❛s ♣♦r ✭✶✹✮❀

✺✳ ❊s❝♦❧❤❡✲s❡ ♦ ♣ró①✐♠♦ sít✐♦ ✭i = i+ 1✮ ❡ r❡♣❡t❡♠✲s❡ ♦s ♣❛ss♦s ❛té q✉❡ t♦❞❛ ❛ r❡❞❡ t❡♥❤❛ s✐❞♦ ♣❡r❝♦rr✐❞❛✳

❊st❡ ❛❧❣♦r✐t♠♦ t❡♠ ✉♠❛ ❝❧❛r❛ ✈❛♥t❛❣❡♠ s♦❜r❡ ♦ ❞❡ ▼❡tró♣♦❧✐s✿ ❊❧❡ ♥ã♦ ❣❛st❛ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ r❡❥❡✐t❛♥❞♦

✉♠❛ ❛çã♦ ✭❛ t❛①❛ ❞❡ ❛❝❡✐t❛çã♦ é ✉♥✐tár✐❛✮✳ ❚♦❞❛✈✐❛✱ ❛ ❞❡s✈❛♥t❛❣❡♠ é q✉❡ ❝❛❞❛ ♣❛ss♦ é ♠❛✐s ❧❡♥t♦ ❞❡✈✐❞♦ à

♠❛✐♦r q✉❛♥t✐❞❛❞❡ ❞❡ ♦♣❡r❛çõ❡s✳

✶✳✽ ▼✐♥✐♠✐③❛çã♦

Pr♦❝✉r❛ ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ s♣✐♥s ❞❛❞❛✳ ❊st❛✱ ♥❛ ♣rát✐❝❛✱ ♥ã♦ ❞❡✈❡ s❡r

q✉❛❧q✉❡r✱ ♣♦✐s ♦ ❛❧❣♦r✐t♠♦ é s✉s❝❡♣tí✈❡❧ ❛ ✜❝❛r ♣r❡s♦ ❡♠ ❡st❛❞♦s ♠❡t❛❡stá✈❡✐s✳ ❆ss✐♠✱ é ♣r❡❢❡rí✈❡❧ ❢♦r♥❡❝❡r ✉♠❛

❝♦♥✜❣✉r❛çã♦ ❥á ♥❛ ♠❛✐s ❜❛✐①❛ t❡♠♣❡r❛t✉r❛ s✐♠✉❧❛❞❛✱ q✉❡ ❡st❛rá ♠❛✐s ♣ró①✐♠❛ ❛♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✳

P❛r❛ ❝❛❞❛ s♣✐♥ ❞❛ r❡❞❡✿

✶✳ ❉❡t❡r♠✐♥❛✲s❡ ♦ ❝❛♠♣♦ ❧♦❝❛❧ HL ❞❛❞♦ ♣♦r ✭✶✷✮ ❛❣✐♥❞♦ ❡♠ ✉♠ sít✐♦❀

✷✳ ❆❧✐♥❤❛✲s❡ ♦ s♣✐♥ ❞❡ss❡ sít✐♦ ❛♥t✐♣❛r❛❧❡❧❛♠❡♥t❡ ❝♦♠ ♦ ❝❛♠♣♦ ❧♦❝❛❧✳

❘❡♣❡t❡✲s❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛té q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❡♥❡r❣✐❛ ❡♠ ❝❛❞❛ sít✐♦ ❛♣ós ❛ ✈❛rr❡❞✉r❛ s❡❥❛ ♠❡♥♦r q✉❡ ✉♠

✈❛❧♦r ✜①♦ ✭✉s♦✉✲s❡ 1 · 10−5✮✳

✶✳✾ ❊str✉t✉r❛ ❞♦s ♣r♦❣r❛♠❛s

❈❛❞❛ ♣r♦❣r❛♠❛ ❝♦♠♣❧❡t♦✱ ❝✉❥❛ ❡str✉t✉r❛ ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✻✱ ❝♦♠❡ç❛ ❞❡✜♥✐♥❞♦ ❝♦♠ ✉♠❛ ❧✐st❛ ❞❡ t❡♠♣❡r❛✲

t✉r❛s ❡ ✈ár✐♦s ♣❛râ♠❡tr♦s✱ t❛❧ ❝♦♠♦ ♦ t❛♠❛♥❤♦ ❞♦ ❧❛❞♦ ▲ ❞❛ r❡❞❡✱ ♦s ♣❛râ♠tr♦s ❞❡ ❧✐❣❛çã♦ ❏✶ ❡ ❏✷✱ ♦ ♥ú♠❡r♦ ❞❡

✈❛rr❡❞✉r❛s ❞❡ t❡r♠❛❧✐③❛çã♦ ◆▲■❳❖ ❡ ❞❡ ❛♠♦str❛❣❡♠ ◆❱❆❘✱ ❡♥tr❡ ♦✉tr♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❝♦♥str♦❡♠✲s❡ ❛s r❡❞❡s ❞❡

✈✐③✐♥❤♦s✱ ❞✉❛s ♠❛tr✐③❡s L2 × 4 q✉❡ ❣✉❛r❞❛♠ ♦s q✉❛tr♦ ✈✐③✐♥❤♦s ❞❡ ❝❛❞❛ ✉♠ ❞♦s L2 sít✐♦s✱ ✉♠❛ ♣❛r❛ ♣r✐♠❡✐r♦s

❡ ♦✉tr❛ ♣❛r❛ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s✳

❖ ❝❡r♥❡ ❞♦ ♣r♦❣r❛♠❛ ✭❡♠ ❧❛r❛♥❥❛✮ ✐♥✐❝✐❛ ❝♦♠ ❛ ❧❡✐t✉r❛ ❞❡ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❚ ❞❛ ❧✐st❛ ❢♦r♥❡❝✐❞❛✱ ❝♦♠ ❛ q✉❛❧

sã♦ ❢❡✐t❛s ◆▲■❳❖ ✈❛rr❡❞✉r❛s ❞❡ t❡r♠❛❧✐③❛çã♦ ❝♦♠ ✉♠ ❛❧❣♦r✐t♠♦ ❛♣r♦♣r✐❛❞♦ ✭▼❡tr♦♣♦❧✐s✱ ❜❛♥❤♦ tér♠✐❝♦ ♦✉ ❲♦❧✛✮

❡ ❝♦♠ ♦ ♣❛ss♦ ♠✐❝r♦❝❛♥ô♥✐❝♦✳ ❚❡r♠✐♥❛❞❛s✱ sã♦ ❢❡✐t❛s ♦✉tr❛s ◆❱❆❘✳ ❊♠ ❝❛❞❛ ✉♠❛ ❞❡st❛s✱ ❛♣ós s❡ ❛♣❧✐❝❛r❡♠ ♦s

❛❧❣♦r✐t♠♦s✱ ❝❛❧❝✉❧❛✲s❡ ❝❛❞❛ ✈❛r✐á✈❡❧ t❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❡ss❡ ✭♥❛ ✜❣✉r❛ ✻✱ ❛ ❡♥❡r❣✐❛ ❊✮ ✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ é

s♦♠❛❞❛ ❛ ✉♠❛ ❛❝✉♠✉❧❛❞♦r❛ ✭♥❛ ✜❣✉r❛✱ ❊▼✮✳ ❚❡r♠✐♥❛❞❛s ❛s ◆❱❆❘ ✈❛rr❡❞✉r❛s✱ ❣✉❛r❞❛✲s❡ ❡♠ ✉♠ ❛rq✉✐✈♦ ♦ ✈❛❧♦r

♠é❞✐♦ ❞❛ ✈❛r✐á✈❡❧ ❢ís✐❝❛ ✭❊▼✴◆❱❆❘✮ ❡ ❛ t❡♠♣❡r❛t✉r❛ ❚ ❝♦rr❡s♣♦♥❞❡♥t❡✱ r❡✐♥✐❝✐❛❧✐③❛✲s❡ ❊▼❂✵ ❡ r❡♣❡t❡✲s❡ ♦ ❝❡r♥❡

❝♦♠ ♦✉tr❛ t❡♠♣❡r❛t✉r❛✳

P♦r ❝♦♥str✉çã♦✱ ♦ ✢✉①♦ ❞❡ ❡①❡❝✉çã♦ s❛✐ ❞♦ ❝❡r♥❡ ♥❛ ú❧t✐♠❛ ❡ ♠❛✐s ❜❛✐①❛ t❡♠♣❡r❛t✉r❛ ❞❛ ❧✐st❛✳ ❆ss✐♠✱ ♦

s✐st❡♠❛ ❡stá ❡♠ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❛♣r♦♣r✐❛❞❛ ♣❛r❛ s❡r ♠✐♥✐♠✐③❛❞♦✱ ❝♦♠ ♠❡♥♦r ❝❤❛♥❝❡ ❞❡ ✜❝❛r ♣r❡s♦ ❡♠ ♠í♥✐♠♦s

❧♦❝❛✐s✳

❆ ❡t❛♣❛ ❞❡ t❡r♠❛❧✐③❛çã♦ ❣❛r❛♥t❡ q✉❡ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ s♣✐♥s é r❡♣r❡s❡♥t❛t✐✈❛ ❞❛ t❡♠♣❡r❛t✉r❛ ❡♠ q✉❡ ❡stá✳

❆✜♥❛❧✱ ❝❛❞❛ ✈❡③ q✉❡ ♦ ❝❡r♥❡ é ✐♥✈♦❝❛❞♦ ♣❛r❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❚✱ ♦ s✐st❡♠❛ ❛❝❛❜♦✉ ❞❡ s❡r s✐♠✉❧❛❞♦ ✈ár✐❛s

❡♠ ✉♠❛ ♦✉tr❛ t❡♠♣❡r❛t✉r❛✱ ♣ró①✐♠❛ ♣♦ré♠ ❞✐❢❡r❡♥t❡ ❞❡ ❚✳ ❙✉♣r✐♠✐r ❡ss❛ ❡t❛♣❛ r❡s✉❧t❛r✐❛ ♥❛ ❛❞✉❧t❡r❛çã♦ ❞❛s

♠é❞✐❛s✱ ♣♦rq✉❡ s❡r✐❛♠ ❝♦❧❡t❛❞❛s ❞✐✈❡rs❛s ❝♦♥✜❣✉r❛çõ❡s ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❛ s✐st❡♠❛s ❡♠ ♦✉tr❛ t❡♠♣❡r❛t✉r❛✳

❈♦♠ ❡①❝❡çã♦ ❞♦ ❣❡r❛❞♦r ❞❡ ♥ú♠❡r♦s ♣s❡✉❞♦❛❧❡❛tór✐♦s ❑■❙❙✵✺ ❬✸❪✱ ♦s ❝ó❞✐❣♦s ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s ❢♦r❛♠ t♦❞♦s

✐♥t❡❣r❛❧♠❡♥t❡ ❡s❝r✐t♦s ♣❡❧♦ ❛✉t♦r ❡♠ ❋❖❘❚❘❆◆ ✾✵✳

✼



❋✐❣✉r❛ ✻✿ ❊str✉t✉r❛ ❞❡ ✉♠ ♣r♦❣r❛♠❛
✐♥❝♦r♣♦r❛♥❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ▼♦♥t❡
❈❛r❧♦✳

❋✐❣✉r❛ ✼✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❯ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❈ ❞❡ r❡✲
❞❡s ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❚ ♥♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣
(J1; J2) = (1; 0) ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ▼❡tr♦♣♦❧✐s✳ ❆s ❝✉r✈❛s sã♦
❝❛r❛❝t❡ríst✐❝❛s ❞❛ ❛✉sê♥❝✐❛ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✳

0 0,5 1 1,5 2 2,5
T (J)

0

0,5

1

1,5

2

U, L=10
U, L=20
U, L=30
U, L=40
C, L=10
C, L=20
C, L=30
C, L=40

✶✳✶✵ ❈á❧❝✉❧♦ ❞❛s ❜❛rr❛s ❞❡ ❡rr♦s

P❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❡rr♦ ❞❛ ♠❡❞✐❞❛ ❢♦✐ ❛❞♦t❛❞♦ ♦ ♠ét♦❞♦ ❞❡ ❜❧♦❝❛❣❡♠✱ q✉❡ ❝♦♥s✐st❡ ❡♠ s✉❜❞✐✈✐❞✐r ❛s

✈❛rr❡❞✉r❛s ❞❡ ❛♠♦str❛❣❡♠ ◆❱❆❘ ❡♠ ◆❙❯❇ ❜❧♦❝♦s ❡ ❝❛❧❝✉❧❛r ❛ ✢✉t✉❛çã♦ ❞❡ ❝❛❞❛ ✈❛r✐á✈❡❧ t❡r♠♦❞✐♥â♠✐❝❛ ❝♦♠ ❜❛s❡

♥❛s ♠é❞✐❛s ❡♠ ❝❛❞❛ ✉♠ ❞❡ss❡s ❜❧♦❝♦s✳ ❊♥tã♦✱ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❛ ✈❛r✐á✈❡❧ X é

σX =

√

1

◆❙❯❇− 1
(〈X2〉 − 〈X〉2) ✭✶✺✮

❚❛❧ ♠ét♦❞♦ ❢♦✐ ❡s❝♦❧❤✐❞♦ ♣♦rq✉❡ ❤á q✉❛♥t✐❞❛❞❡s q✉❡ ♥ã♦ sã♦ ❞❡✜♥✐❞❛s ❛ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ✖ ✐st♦ é✱

❛ ❝❛❞❛ ✈❛rr❡❞✉r❛ ❞❡ ▼♦♥t❡ ❈❛r❧♦✖ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❡ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥✜❣✉r❛çõ❡s s❡♣❛r❛❞❛s ♣♦r ❝✉rt♦s ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❡stã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳ ❏á q✉❡ ❛s ❝♦♥✲

✜❣✉r❛çõ❡s ❡♠ ❞✐❢❡r❡♥t❡s ❜❧♦❝♦s ❡stã♦ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞❛s✱ ♥♦t❛✲s❡ q✉❡ ❛ ❜❧♦❝❛❣❡♠ é ✉♠❛ ♠❛♥❡✐r❛ ❛❞❡q✉❛❞❛ ❞❡

tr❛t❛r ♦s ❞❛❞♦s✳

✷ ❆♥á❧✐s❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ ❛♣❡♥❛s ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s

◆♦ ♠♦❞❡❧♦ ❞❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s J1 = 1 ❡✱ ♦❜✈✐❛♠❡♥t❡✱ J2 = 0✳

❆ ♠❛✐s ♥♦tá✈❡❧ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ❢♦r♥❡❝❡r ❛♦s s♣✐♥s ❧✐❜❡r❞❛❞❡ r♦t❛❝✐♦♥❛❧ é ❛ ♣❡r❞❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ❝♦♠♦

s❡ ✈❡r✐✜❝❛ ♥❛ ❛♥á❧✐s❡ ❞♦ ❝✉♠✉❧❛♥t❡ ❞❡ ❇✐♥❞❡r✱ ♦ q✉❛❧ ♥ã♦ ❛♣r❡s❡♥t❛ ✐♥t❡rs❡❝çõ❡s✱ ❡ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ❝✉❥❛s

❝✉r✈❛s ♣♦✉❝♦ ♠✉❞❛♠ ❝♦♠ L ✭❣rá✜❝♦ ✼✮✳

P♦r ❛❣♦r❛ ♦s s♣✐♥s t❡r❡♠ ❧✐❜❡r❞❛❞❡ r♦t❛❝✐♦♥❛❧ ♥♦s â♥❣✉❧♦s θ ❡ φ✱ ♣♦❞❡✲s❡ ❡①♣❛♥❞✐r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ❝❛❞❛

s♣✐♥ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r✿

E(θ, φ) ≈ E(θ0, φ0) + Eθ(θ0, φ0)(θ − θ0) + Eφ(θ0, φ0)(φ− φ0)+

1

2
[Eθθ(θ0, φ0)(θ − θ0)

2 + Eφφ(θ0, φ0)(φ− φ0)
2 + 2Eθφ(θ0, φ0)(θ − θ0)(φ− φ0)]

✽



❱✐st♦ q✉❡ ❛ ❡①♣❛♥sã♦ é ✈á❧✐❞❛ ♣❛r❛ T → 0 ❡ q✉❡ ♥❛ t❡♠♣❡r❛t✉r❛ ③❡r♦ E(θ, φ) ❡stá ❡♠ ✉♠ ♠í♥✐♠♦✱ ♦s t❡r♠♦s

❧✐♥❡❛r❡s sã♦ ♥✉❧♦s✳

❈♦♠♦ tr❛t❛♠♦s ♦s s♣✐♥s ❝♦♠♦ ✈❡t♦r❡s ❝❧áss✐❝♦s✱ ♦ t❡♦r❡♠❛ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛ ❛ ❝❛❞❛ t❡r♠♦

q✉❛❞rát✐❝♦ kBT/2 ❞❡ ❡♥❡r❣✐❛ ♠é❞✐❛✱ ❡♥tã♦✱ s♦♠❛♥❞♦ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦s Nsit s♣✐♥s ❞❛ r❡❞❡✱ ♣r❡✈ê✲s❡ NsitkB

♣❛r❛ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ t♦t❛❧ ❡ kB ♣❛r❛ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ♣♦r sít✐♦✳ ❆ss✐♠✱ ❡♥q✉❛♥t♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ♦ ❝❛❧♦r

❡s♣❡❝í✜❝♦ ♣❛rt❡ ❞❛ ♦r✐❣❡♠✱ ♥♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞❡✈❡ ♣❛rt✐r ❞❡ ✭✵✱✶✮ ✭❧❡♠❜r❛♥❞♦ q✉❡ ✜③❡♠♦s kB = 1✮✱ ❡ ✐ss♦ é

❥✉st❛♠❡♥t❡ ♦ ♦❜s❡r✈❛❞♦ ♥♦ ❣rá✜❝♦ ✼✳

✸ ❆♥á❧✐s❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s

➱ ❞♦❝✉♠❡♥t❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❬✶❪ q✉❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♦❝♦rr❡ s❡ J2/J1 > 0,5 ❡ ♥ã♦ ♦❝♦rr❡ s❡ J2/J1 < 0,5✱

♦ q✉❡ ❢♦✐ r❡♣r♦❞✉③✐❞♦ ♥❡st❡ ❡st✉❞♦✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡ss❡s ❞♦✐s ❝❛s♦s é ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ q✉❡ é ❛ ❢❛s❡ ❞❡

◆é❡❧✱ s❡ J2/J1 < 0,5✱ ❡ ❛ ❢❛s❡ ❞❡ t✐r❛s✱ s❡ J2/J1 > 0,5 ✭✜❣✉r❛ ✸✮✳ ❖s r❡s✉❧t❛❞♦s sã♦ ❡①✐❜✐❞♦s ♥♦s ❣rá✜❝♦s✱ ✽✱ ✾ ❡

✶✵✱ ❝♦♠ J2 = 0,25✱ 0,55 ❡ 0,6✳

❋✐❣✉r❛ ✽✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❯ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❈ ❞❡ r❡❞❡s ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❚ ♥♦ ♠♦❞❡❧♦ ❞❡
❍❡✐s❡♥❜❡r❣ ❝♦♠ (J1; J2) = (1; 0,25) ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞♦ ❜❛♥❤♦ tér♠✐❝♦✳
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U

L=20
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❋✐❣✉r❛ ✾✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❯ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❈ ❞❡ r❡❞❡s ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❚ ♥♦ ♠♦❞❡❧♦ ❞❡
❍❡✐s❡♥❜❡r❣ ❝♦♠ (J1; J2) = (1; 0,55) ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ▼❡tr♦♣♦❧✐s✳
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➱ ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♦❝♦rr❡ ♣❛r❛ J2 = 0,55 ❡ J2 = 0,60✳ ❆♥❛❧✐s❛♥❞♦ ♦s ❣rá✜❝♦s ❞❡

U ✱ ❛s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s sã♦ ❞❡t❡r♠✐♥❛❞❛s✿ ♣❛r❛ (J1; J2) = (1; 0,55)✱ Tc = 0,197 ± 0,001✱ ❡ ♣❛r❛ (J1; J2) =

(1; 0,60)✱ Tc = 0,255 ± 0,001✳ ❚❛✐s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s ❝♦♥tr❛st❛♠ ❝♦♠ ❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ❝❧áss✐❝♦ ✭❝♦♠

✾



❋✐❣✉r❛ ✶✵✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❯ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❈ ❞❡ r❡❞❡s ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❚ ♥♦ ♠♦❞❡❧♦
❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ (J1; J2) = (1; 0,60) ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ▼❡tr♦♣♦❧✐s✳
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(J1; J2) = (1; 0)✮✱ ❝✉❥❛ Tc é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞❡③ ✈❡③❡s ♠❛✐♦r✳ ❊ss❛ ❞✐❢❡r❡♥ç❛ é ❞❡✈✐❞❛ à ❢r✉str❛çã♦ ❡ t♦r♥❛

♠❛✐s ❞❡♠♦r❛❞❛ ❛ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❛♠♦str❛❣❡♠✳

❖s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ♦❜t✐❞♦s ♣♦r ♠❡✐♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠✐♥✐♠✐③❛çã♦✱ sã♦ ❞❡❣❡♥❡r❛❞♦s✳ ❈♦♥st✐t✉❡♠ ❞❡

t✐r❛s ❤♦r✐③♦♥t❛✐s ♦✉ ✈❡rt✐❝❛✐s✱ q✉❡ sã♦ ❞❡♥♦t❛❞♦s ♦r❞❡♥❛♠❡♥t♦s Q = (0, π) ❡ Q = (π, 0)✳ ❈❛❞❛ ✉♠❛ ❞❡ss❛s ❢❛s❡s

é ❜❡♠ ❞❡s❝r✐t❛ ♣❡❧♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ σ✿ σ = 1 ♣❛r❛ Q = (0, π) ❡ σ = −1 ♣❛r❛ Q = (π, 0) ✭✜❣✉r❛ ✸✮✳ ❆

❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❞✐s❝r❡t♦ s✉❣❡r❡ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✳

◆♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ❝❧áss✐❝♦ t❛♠❜é♠ ❡①✐st❡ ✉♠❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✿ t♦❞♦s ♦s s♣✐♥s

❛❧✐♥❤❛❞♦s ✧♣❛r❛ ❝✐♠❛✧ ♦✉ ✧♣❛r❛ ❜❛✐①♦✧✳ ❆ ♥❛t✉r❡③❛ ❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❡♥❝♦♥tr❛❞❛ ♥♦s ❞♦✐s ♠♦❞❡❧♦s ✖ ❞❡

❍❡✐s❡♥❜❡r❣ ♣❛r❛ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s ❝♦♠ J2/J1 > 0,5 ❡ ❞❡ ■s✐♥❣ ❢❡rr♦♠❛❣♥ét✐❝♦ ✖ é ❛ ♠❡s♠❛✱ ♦r✐❣✐♥❛❞❛ ♣❡❧❛

s✐♠❡tr✐❛ ❞✐s❝r❡t❛ ❡♥tr❡ ❛s t✐r❛s Q = (0, π) ❡ Q = (π, 0)✱ ♥♦ ♣r✐♠❡✐r♦✱ ❡ ❡♥tr❡ ♦s ❡st❛❞♦s t♦❞♦s ✧♣❛r❛ ❝✐♠❛✧ ❡

t♦❞♦s ✧♣❛r❛ ❜❛✐①♦✧ ♥♦ s❡❣✉♥❞♦✳ ❆ss✐♠✱ ❢❛③ s❡♥t✐❞♦ ❡s♣❡r❛r ❛ tr❛♥s✐çã♦ ♦❜s❡r✈❛❞❛ ♥❡st❡ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣

❝♦♠ J2/J1 > 0,5 ❡ q✉❡ ❡❧❛ s❡❥❛ ❞♦ ♠❡s♠♦ t✐♣♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ■s✐♥❣✳

❆ ✜♠ ❞❡ ❝♦♥✜r♠❛r ❡ss❛ ❤✐♣ót❡s❡✱ ♣♦❞❡✲s❡ ❢❛③❡r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦ ❡ ♦❜s❡r✈❛r s❡ ♦s ♠❡s♠♦s

❡①♣♦❡♥t❡s ❝rít✐❝♦s ❞♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ✭α = 0, β = 1/8, γ = 7/4, ν = 1✮ ♣r♦❞✉③❡♠ ❜♦♥s r❡s✉❧t❛❞♦s ✭✜❣✉r❛ ✶✶✮✳

❊♠❜♦r❛ ♦ ❡♥❝❛✐①❡ ❞❛s ❝✉r✈❛s ♥ã♦ s❡❥❛ ♣❡r❢❡✐t♦ ❞❡✈✐❞♦ à s✉♣r❡ssã♦ ❞❡ Tc ♥♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ♣❡r❝❡❜❡✲s❡

q✉❡ ❤á ❝♦♥s✐stê♥❝✐❛ ♥❛ ❤✐♣ót❡s❡✳

❋✐❣✉r❛ ✶✶✿ ❊s❝❛❧♦♥❛♠❡♥t♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ❝♦♠ J1 = 1 à ❡sq✉❡r❞❛ ❡ ♣❛r❛ ♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠
(J1; J2) = (1; 0,55) ❛♦ ❝❡♥tr♦ ❡ (J1; J2) = (1; 0,60) à ❞✐r❡✐t❛✱ r❡❛❧✐③❛❞♦s ❛ ♣❛rt✐r ❞❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ χ✱ ❞❛
t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ Tc ✭✷✱✷✻ ♣❛r❛ ■s✐♥❣✱ ✵✱✶✾✼ ❡ ✵✱✷✺✺ ♣❛r❛ ❍❡✐s❡♥❜❡r❣✮✱ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ s✐♠✉❧❛çã♦ T ✱ ❝♦♠
t = T/Tc − 1✱ ❡ ❞♦ t❛♠❛♥❤♦ ▲ ❞❡ ❝❛❞❛ r❡❞❡ ▲①▲✳ ❖s ❡①♣♦❡♥t❡s ❝rít✐❝♦s sã♦ ♦s ❞❡ ■s✐♥❣✱ γ = 7/4 ❡ ν = 1✳ ❖
❡♥❝❛✐①❡ ❞❛s ❝✉r✈❛s ❞❡ ❍❡✐s❡♥❜❡r❣ ✐♥❞✐❝❛♠ q✉❡ ❛s tr❛♥s✐çõ❡s ♥♦s ❞♦✐s ❝❛s♦s sã♦ ❞❡ ♠❡s♠❛ ♥❛t✉r❡③❛ ❞❡ ■s✐♥❣✳
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✸✳✶ ■♥tr♦❞✉çã♦ ❞❡ ❞❡s♦r❞❡♠

■♥tr♦❞✉③✲s❡ ❞❡s♦r❞❡♠ ♥♦ ♠♦❞❡❧♦ ❛♦ ❛❧t❡r❛r ♦ J1 → J1(1 + ∆) ❞❡ ✉♠❛ ú♥✐❝❛ ❧✐❣❛çã♦ ❤♦r✐③♦♥t❛❧ ❞❛ r❡❞❡✱ ❡

♦❜s❡r✈❛✲s❡ q✉❡ ❛✐♥❞❛ sã♦ ❡♥❝♦♥tr❛❞❛s ❛s ❢❛s❡s Q = (0, π) ❡ Q = (π, 0) ✭✜❣✉r❛ ✶✷✮✱ ❡♠❜♦r❛ ♥❡st❡ ❝❛s♦ ❛ ❡♥❡r❣✐❛

♥ã♦ s❡❥❛ ❛ ♠❡s♠❛ ♣❛r❛ ❛♠❜❛s✳

❉❛ ✜❣✉r❛ ✶✷✱ ❛ ❡♥❡r❣✐❛ ♣♦r sít✐♦ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ t✐r❛s s❡r✐❛ −2J2 ♥❛ ❛✉sê♥❝✐❛ ❞❛ ❧✐❣❛çã♦ ❞❡❢❡✐t✉♦s❛ ✖

é ❡✈✐❞❡♥t❡ q✉❡ ❛ ♣❛r❝❡❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ J1 ♥❛ ❡①♣r❡ssã♦ ✭✼✮ s❡r✐❛ ♥✉❧❛✳ ❈♦♥s✐❞❡r❛r ❛ ❧✐❣❛çã♦ ❞❡❢❡✐t✉♦s❛

✐♥tr♦❞✉③ ✉♠ ❢❛t♦r +J1∆/Nsit s❡ ❛s t✐r❛s ❢♦r❡♠ ✈❡rt✐❝❛✐s ❡ −J1∆/Nsit s❡ ❤♦r✐③♦♥t❛✐s✳ ❆ss✐♠✱ ♥❛s ❝♦♥❞✐çõ❡s ❞❡

∆ = 0,5, J1 = 1, Nsit = 1600 ❛♣r❡s❡♥t❛❞❛s ♥❛ ✜❣✉r❛ ✶✷✱ ❛ ❡♥❡r❣✐❛ ♣♦r sít✐♦ é E = −2J2±J1∆/Nsit = −1,103125

♦✉ −1,096875✳ ❈♦♥❢♦r♠❡ ♠♦str❛ ❛ t❛❜❡❧❛ ✶✱ ✐ss♦ é ❞❡ ❢❛t♦ ♦❜s❡r✈❛❞♦✳

❚❛❜❡❧❛ ✶✿ ❊♥❡r❣✐❛ ❞❡ r❡❞❡s ✹✵①✹✵ ♠✐♥✐♠✐③❛❞❛s ♥♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ (J1, J2) = (1; 0,55) ❝♦♠ J1 ❞❡
✉♠❛ ú♥✐❝❛ ❧✐❣❛çã♦ ❛❧t❡r❛❞♦ ❞❡ ✶ ♣❛r❛ ✻✳ ❯♠ ♦r❞❡♥❛♠❡♥t♦ t❡♠ ♠❛✐s ❜❛✐①❛ ❡♥❡r❣✐❛ ❡ ♣♦r ✐ss♦ ❛s ❢❛s❡s ❞❡ t✐r❛s
❞❡✐①❛♠ ❞❡ s❡r ❞❡❣❡♥❡r❛❞❛s✳

❖r❞❡♥❛♠❡♥t♦ ★ ❈♦♥✜❣✉r❛çõ❡s ❊♥❡r❣✐❛ ❡s♣❡r❛❞❛ ▼❡♥♦r ❡♥❡r❣✐❛ ♦❜t✐❞❛ ▼❛✐♦r ❡♥❡r❣✐❛ ♦❜t✐❞❛
Q = (π, 0) ✼ −✶✱✶✵✸✶✷✺✵ −✶✱✶✵✸✶✷✹✼ −✶✱✶✵✸✶✶✻✷
Q = (0, π) ✸ −✶✱✵✾✻✽✼✺✵ −✶✱✵✾✻✽✽✹✼ −✶✱✵✾✻✽✼✺✼

❋✐❣✉r❛ ✶✷✿ Pr♦❥❡çõ❡s ♥♦ ♣❧❛♥♦ ❳❨ ❞♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ (J1, J2) = (1; 0,55) ❡ ✉♠❛ ❧✐❣❛çã♦ ❝✉❥♦ J1
❢♦✐ ❛❧t❡r❛❞♦ ❞❡ ✶ ♣❛r❛ ✻✱ ❛ q✉❛❧ é ❞❡st❛❝❛❞❛ ❡♠ ✈❡r♠❡❧❤♦✳ ➚ ❡sq✉❡r❞❛✱ ♦r❞❡♥❛♠❡♥t♦ Q = (0, π)✱ ❡ à ❞✐r❡✐t❛✱
Q = (π, 0)✳ ❊st❡ ú❧t✐♠♦ ♣❛ss❛ ❛ t❡r ♠❡♥♦r ❡♥❡r❣✐❛ ❡ ♣♦rt❛♥t♦ ❛s ❞✉❛s ❢❛s❡s ❞❡ t✐r❛s ♥ã♦ sã♦ ♠❛✐s ❞❡❣❡♥❡r❛❞❛s✳
❆ ❝♦r ✐♥❞✐❝❛ ❛ ❞✐r❡çã♦ ❞♦ s♣✐♥ ❡ ♦ t❛♠❛♥❤♦ ❞❛ s❡t❛✱ ❛ ♠❛❣♥✐t✉❞❡ ❞❛ s✉❛ ♣r♦❥❡çã♦✳

❆ss✐♠✱ ✉♠❛ ú♥✐❝❛ ❧✐❣❛çã♦ ❞❡❢❡✐t✉♦s❛ ❜❛st❛ ♣❛r❛ ❛ q✉❡❜r❛ ❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ✉♠

s✐st❡♠❛ ✜♥✐t♦✱ ♦ q✉❡ s✉❣❡r❡ q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♣♦❞❡ s❡r ♣❡r❞✐❞❛ t❛♠❜é♠✳

✸✳✷ ❆✉♠❡♥t♦ ❞❛ ❞❡s♦r❞❡♠

❆❣♦r❛ ♦ ✈❛❧♦r ❞❡ J1 ❞❡ ❝❛❞❛ ❧✐❣❛çã♦ ❞❛ r❡❞❡ é ❛❧t❡r❛❞♦ ❝♦♥❢♦r♠❡ ❛ r❡❣r❛

J1 → J1(1 + ∆)✱ s❡ r < 0,5

J1 → J1(1−∆)✱ s❡ r > 0,5
✭✶✻✮

❡♠ q✉❡ r ∈ [0, 1[ é ✉♠ ♥ú♠❡r♦ ♣s❡✉❞♦❛❧❡❛tór✐♦✳ ❆ss✐♠✱ ❡♠ ✈❡③ ❞♦ ❡s❝❛❧❛r J1✱ ♣❛ss❛✲s❡ ❛ t❡r ❛ ♠❛tr✐③ J ij
1 ✱ ❡♠

q✉❡ ❛ ❡♥tr❛❞❛ ij ❞á ♦ ♣❛râ♠❡tr♦ ❞❛ ❧✐❣❛çã♦ ❡♥tr❡ ♦s s♣✐♥s i ❡ j✳ ❈♦♠ ❡ss❛ ❛❧t❡r❛çã♦✱ ❡❢❡✐t♦s ❝✉r✐♦s♦s ♣♦❞❡♠ s❡r

♦❜s❡r✈❛❞♦s✳

✶✶



❉❡✈✐❞♦ ❛♦ ❝❛rát❡r ❛❧❡❛tór✐♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ♦ ♣r♦❝❡ss♦ t♦❞♦✱ q✉❡ ❛♥t❡s ❞❛ ✐♥tr♦❞✉çã♦ ❞❛ ❞❡s♦r❞❡♠ ❡st❛✈❛

s❡♥❞♦ ❢❡✐t♦ ❡♠ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❛♣❡♥❛s✱ ♣❛ss❛ ❛ s❡r r❡❛❧✐③❛❞♦ r❡♣❡t✐❞❛s ✈❡③❡s ❡♠ ✈ár✐❛s ❝♦♥✜❣✉r❛çõ❡s✱ ❝❛❞❛

q✉❛❧ ❝♦♠ ✉♠❛ ♠❛tr✐③ ❞❡ J ij
1 ❞✐❢❡r❡♥t❡✳ ❆ss✐♠✱ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r

sã♦ ❛s ♠é❞✐❛s ❞♦s s❡✉s r❡s♣❡❝t✐✈♦s ✈❛❧♦r❡s s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥✜❣✉r❛çõ❡s✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♥✜❣✉r❛çõ❡s

❛♠♦str❛❞❛s ❡♠ ❢✉♥çã♦ ❞❡ J2✱ ▲ ❡ ∆ ❝♦♥st❛ ♥❛ t❛❜❡❧❛ ✷✳

❚❛❜❡❧❛ ✷✿ ◆ú♠❡r♦ ❞❡ ❝♦♥✜❣✉r❛çõ❡s ❞❡ ❞✐❢❡r❡♥t❡s J ij
1 ✉t✐❧✐③❛❞❛s ♥❛ s✐♠✉❧❛çã♦✳

J2 ▲ ∆ ★ ❈♦♥✜❣✉r❛çõ❡s
✵✱✺✺ ✷✵ ✵✱✶ ✸✽✺
✵✱✺✺ ✷✵ ✵✱✺ ✸✽✵
✵✱✺✺ ✸✵ ✵✱✶ ✷✾✵
✵✱✺✺ ✸✵ ✵✱✺ ✷✾✺
✵✱✺✺ ✹✵ ✵✱✶ ✶✽✵
✵✱✺✺ ✹✵ ✵✱✺ ✶✾✵
✵✱✺✺ ✻✵ ✵✱✶ ✶✺✵
✵✱✺✺ ✻✵ ✵✱✺ ✶✻✵

J2 ▲ ∆ ★ ❈♦♥✜❣✉r❛çõ❡s
✵✱✻✵ ✷✵ ✵✱✶ ✹✵✵
✵✱✻✵ ✷✵ ✵✱✺ ✸✽✵
✵✱✻✵ ✸✵ ✵✱✶ ✸✵✵
✵✱✻✵ ✸✵ ✵✱✺ ✷✽✵
✵✱✻✵ ✹✵ ✵✱✶ ✶✽✺
✵✱✻✵ ✹✵ ✵✱✺ ✶✽✵
✵✱✻✵ ✻✵ ✵✱✶ ✶✺✵
✵✱✻✵ ✻✵ ✵✱✺ ✶✺✺

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ✭❣rá✜❝♦ ✶✹✮ s✉❣❡r❡ ❛✉sê♥❝✐❛ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ❡♠❜♦r❛ ❛s ❜❛rr❛s ❞❡ ❡rr♦ ❞✐✜❝✉❧t❡♠

❛✜r♠❛r ✐ss♦ ❝♦♠ ❝❡rt❡③❛✳ ❆ ❝✉r✈❛ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ✭❣rá✜❝♦ ✶✸✮✱ ❡♥tr❡t❛♥t♦✱ ♥ã♦ ❞❡✐①❛ ❞ú✈✐❞❛s ❞❡ q✉❡ ❛

tr❛♥s✐çã♦ ❢♦✐ ❞❡ ❢❛t♦ ❞❡str✉í❞❛✱ ♣♦✐s ♦s ♣✐❝♦s ♥ã♦ ❛✉♠❡♥t❛♠ ❝♦♠ ♦ t❛♠❛♥❤♦ L ❞❛ r❡❞❡ ❡✱ ❛❧é♠ ❞✐ss♦✱ ❝♦♠ ♦

❛✉♠❡♥t♦ ❞❡ ∆✱ sã♦ ❛♣❧❛✐♥❛❞♦s✳

❋✐❣✉r❛ ✶✸✿ ❈❛❧♦r ❡s♣❡❝í✜❝♦ ❈✱ ♦❜t✐❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞♦ ❜❛♥❤♦ tér♠✐❝♦✱ ❞❡ r❡❞❡s ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛
❚ ❝♦♠ J2 = 0,55 ♦✉ J2 = 0,60 ❡ ❞❡s♦r❞❡♠ ❣❡♥❡r❛❧✐③❛❞❛✿ ♣❛r❛ ❝❛❞❛ ❧✐❣❛çã♦ J1 é ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡♥tr❡
1 + ∆ ❡ 1−∆✳ ■♥❞✐❝❛ ❛ ❛✉sê♥❝✐❛ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✳ ❆ ❧✐♥❤❛ tr❛❝❡❥❛❞❛ ✐❞❡♥t✐✜❝❛ Tc ♥♦ ❝❛s♦ s❡♠ ❞❡s♦r❞❡♠✳

0,1 0,2 0,3 0,4 0,5
T (J)

0,5

1

1,5

2

C

L=60 ∆=0,1
L=40 ∆=0,1
L=20 ∆=0,1

L=60 ∆=0,5

L=40 ∆=0,5

L=20 ∆=0,5

J=0,55

0,1 0,2 0,3 0,4 0,5
T (J)

0,5

1

1,5

2

C

L=20 ∆=0,1
L=40 ∆=0,1
L=60 ∆=0,1

L=20 ∆=0,5

L=40 ∆=0,5

L=60 ∆=0,5

J=0,60

❆s ♠✐♥✐♠✐③❛çõ❡s ❝♦♠ ∆ = 0,5 ♠♦str❛♠ ❝♦♥✜❣✉r❛çõ❡s ❜❛st❛♥t❡ ❞❡s♦r❞❡♥❛❞❛s✱ ❡♠ q✉❡✱ ❝♦♥t✉❞♦✱ ♣♦❞❡♠

s❡r ❡♥❝♦♥tr❛❞❛s r❡❣✐õ❡s ❝♦♠ s♣✐♥s ❢♦r♠❛♥❞♦ ✉♠ ♣❛❞rã♦✱ ❞❡♥♦♠✐♥❛❞❛s ❞♦♠í♥✐♦s ❞❡ s♣✐♥✳ ◗✉❛♥❞♦ ∆ = 0,1✱ ♦s

❞♦♠í♥✐♦s sã♦ ❡①♣r❡ss✐✈❛♠❡♥t❡ ♠❛✐♦r❡s✳ ✭❆♠♦str❛s r❡♣r❡s❡♥t❛t✐✈❛s ❞❛s ♠✐♥✐♠✐③❛çõ❡s ❡stã♦ ♥❛s ✜❣✉r❛s ✶✻ ❡ ✶✼✱

❡♠ q✉❡ ❛s ♣r♦❥❡çõ❡s ❞♦s s♣✐♥s ♥♦ ♣❧❛♥♦ ❳❨ ❢♦r❛♠ t♦❞❛s ♥♦r♠❛❧✐③❛❞❛s ❡♠ ✉♠ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦ ♣❛r❛ ♠❡❧❤♦r

✈✐s✉❛❧✐③❛çã♦✳✮ ■ss♦ é ❡♥❞♦ss❛❞♦ ♣❡❧♦ ❣rá✜❝♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ |σ|✱ ❞❛❞❛ ♣♦r ✭✽✮✱ ♥❛ ✜❣✉r❛ ✶✺✳ ❊❧❛ é ❛t❡♥✉❛❞❛

♣❛r❛ ✉♠ ♠❛✐♦r ✈❛❧♦r ❞❡ ∆✱ s✉❣❡r✐♥❞♦ ✉♠❛ r❡❞✉çã♦ ♥❛ ♣r❡✈❛❧ê♥❝✐❛ ❡ ❡①t❡♥sã♦ ❞♦♠í♥✐♦s ❞❡ t✐r❛s✳ P♦rt❛♥t♦✱ ❝♦♠♦

❡s♣❡r❛❞♦✱ ♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s ♣❡r♠✐t❡♠ ❛✜r♠❛r q✉❡ ❛ ❞❡s♦r❞❡♠ s❡rá ♠❛✐♦r q✉❛♥t♦ ♠❛✐♦r ❢♦r ∆✳

❖ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞❡ σ ❢♦✐ ✉s❛❞♦ ♣♦rq✉❡ ♦ s✐st❡♠❛ é ✐♥✐❝✐❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦ ❡✱ ♠❡s♠♦ ❛♣ós ❛ ❛❞✐çã♦ ❞❛

❞❡s♦r❞❡♠ ✭✶✻✮✱ ❛s ❢❛s❡s Q = (0, π) ❡ Q = (π, 0) ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ❡q✉✐♣r♦✈á✈❡✐s✳ ❈♦♠♦ ✉♠❛ t❡♠ σ = 1 ❡ ♦✉tr❛

✶✷



❋✐❣✉r❛ ✶✹✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❯✱ ♦❜t✐❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞♦ ❜❛♥❤♦ tér♠✐❝♦✱ ❞❡ r❡❞❡s ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡✲
r❛t✉r❛ ❚ ❝♦♠ J2 = 0,55 ♦✉ J2 = 0,60 ❡ ❞❡s♦r❞❡♠ ❣❡♥❡r❛❧✐③❛❞❛✿ ♣❛r❛ ❝❛❞❛ ❧✐❣❛çã♦ J1 é ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡
❡♥tr❡ 1 + ∆ ❡ 1 −∆✱ ∆ = 0, 1✳ ■♥❞✐❝❛ ❛ ❛✉sê♥❝✐❛ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✳ ❆ ❧✐♥❤❛ tr❛❝❡❥❛❞❛ ✐❞❡♥t✐✜❝❛ Tc ♥♦ ❝❛s♦
s❡♠ ❞❡s♦r❞❡♠✳
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❋✐❣✉r❛ ✶✺✿ |σ| ❡ M90✱ ♦❜t✐❞♦s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞♦ ❜❛♥❤♦ tér♠✐❝♦✱ ❞❡ r❡❞❡s ✷✵①✷✵ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❚
❝♦♠ J2 = 0,55 ❡ J2 = 0,60 ❡ ❞❡s♦r❞❡♠ ❣❡♥❡r❛❧✐③❛❞❛✿ ♣❛r❛ ❝❛❞❛ ❧✐❣❛çã♦ J1 é ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡♥tr❡ 1+∆
❡ 1−∆✳
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σ = −1✱ ♦ ✈❛❧♦r ❞❛ ♠é❞✐❛ ❞❡ σ s♦❜r❡ ❛s ❝♦♥✜❣✉r❛çõ❡s s❡r✐❛ ♥✉❧♦✳

◆♦ ❣rá✜❝♦ ❞❡ |σ| ❝❤❛♠❛ ❛ ❛t❡♥çã♦ ❛ r❡❝❡ssã♦ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ♣❛r❛ ∆ = 0,1 ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✱

♠❡♥♦r❡s q✉❡ T = 0,15 ♣❛r❛ J2 = 0,60 ❡ ♠❡♥♦r❡s q✉❡ T = 0,10 ♣❛r❛ J2 = 0,55✳ ❊ss❡ ❝✉r✐♦s♦ ❡❢❡✐t♦ é ❡♥t❡♥❞✐❞♦

❝♦♠ ✉♠ ♦✉tr♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠✱

M90 = |(Si − Sk) ∧ (Sj − Sl)|/4

✐♥❞✐❝❛t✐✈♦ ❞❡ ✉♠❛ ♦✉tr❛ ❢❛s❡✱ ❛ ❛♥t✐❝♦❧✐♥❡❛r ✭✜❣✉r❛ ✸✮✱ ❝✉❥❛ ❛♣❛r✐çã♦ é ❞♦❝✉♠❡♥t❛❞❛ ❡♠ r❡❞❡s ❝♦♠ ✈❛❝â♥❝✐❛s

❬✹❪✳ ❆ss✐♠ ❝♦♠♦ ❛s ✈❛❝â♥❝✐❛s✱ ❛ ❞❡s♦r❞❡♠ ❢❛③ ❝♦♠ q✉❡ M90 ❝r❡sç❛ ❥✉st❛♠❡♥t❡ ♥❛ r❡❣✐ã♦ ♠❡♥❝✐♦♥❛❞❛✱ ❡♠

q✉❡ |σ| ❞❡❝r❡s❝❡ ✭✜❣✉r❛ ✶✺✮✱ ♣❛r❝✐❛❧♠❡♥t❡ s✉♣r✐♠✐♥❞♦ ❛ ♦r❞❡♠ ❞❛s t✐r❛s ❡ s✉❣❡r✐♥❞♦ ✉♠❛ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❡♥tr❡

✶✸



✈❛❝â♥❝✐❛s ❡ ❞❡s♦r❞❡♠ ♥♦s ❛❝♦♣❧❛♠❡♥t♦s✳ ◆❡st❛ ✐♥✈❡st✐❣❛çã♦✱ ❧✐♠✐t♦✉✲s❡ ❛♣❡♥❛s ❛ ❝♦♥st❛tá✲❧❛ ❝♦♠♦ ❥✉st✐✜❝❛t✐✈❛

♣❛r❛ ❛ r❡❝❡ssã♦ ❞❡ |σ|✳
❱❡r✐✜❝❛✲s❡✱ ❛✐♥❞❛✱ q✉❡ M90 é ♠♦♥ót♦♥❛ s❡ ∆ = 0,5✱ ❞❡ ❢♦r♠❛ q✉❡✱ ♥❡ss❡ ❝❛s♦✱ ❛ ❝✉r✈❛ ❞❡ |σ| t❛♠❜é♠ é

♠♦♥ót♦♥❛✳

❋✐❣✉r❛ ✶✻✿ Pr♦❥❡çõ❡s ♥♦r♠❛❧✐③❛❞❛s ♥♦ ♣❧❛♥♦ ❳❨ ❞❡ ❝♦♥✜❣✉r❛çõ❡s ♠✐♥✐♠✐③❛❞❛s ❞♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞❡
s❡❣✉♥❞♦s ✈✐③✐♥❤♦s ❝♦♠ ❞❡s♦r❞❡♠ ❡♠ t♦❞❛ ❛ r❡❞❡ ✷✵①✷✵✱ ❝♦♠ (J1; J2) = (1; 0,55) ❡ ∆ = 0,1✳ ❆ ❝♦r ✐♥❞✐❝❛ ❛
❞✐r❡çã♦ ❞♦ s♣✐♥✳ ❖ r❡tâ♥❣✉❧♦ r♦s❛ ✐♥❞✐❝❛ ✉♠ ❞♦♠í♥✐♦ ❛♥t✐❝♦❧✐♥❡❛r ❡ ♦ ♣r❡t♦✱ ✉♠ ❞❡ t✐r❛s✳

❋✐❣✉r❛ ✶✼✿ Pr♦❥❡çõ❡s ♥♦r♠❛❧✐③❛❞❛s ♥♦ ♣❧❛♥♦ ❳❨ ❞❡ ❝♦♥✜❣✉r❛çõ❡s ♠✐♥✐♠✐③❛❞❛s ❞♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞❡
s❡❣✉♥❞♦s ✈✐③✐♥❤♦s ❝♦♠ ❞❡s♦r❞❡♠ ❡♠ t♦❞❛ ❛ r❡❞❡ ✷✵①✷✵✱ ❝♦♠ (J1; J2) = (1; 0,55) ❡ ∆ = 0,5✳ ❆ ❝♦r ✐♥❞✐❝❛ ❛
❞✐r❡çã♦ ❞♦ s♣✐♥✳
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✹ ❈♦♥❝❧✉sõ❡s

❋♦r❛♠ ❡st✉❞❛❞♦s s♣✐♥s ❡♠ r❡❞❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s q✉❛❞r❛❞❛s ▲①▲✳ ◆♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞❡ ♣r✐♠❡✐r♦s

✈✐③✐♥❤♦s✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✱ ❝♦♥❢❡r❡✲s❡ ❛♦s s♣✐♥s ❧✐❜❡r❞❛❞❡ r♦t❛❝✐♦♥❛❧✱ ❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛

♦❝♦rr❡ ❛ ♣❡r❞❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✳

❙❡ ❛❞✐❝✐♦♥❛❞❛ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ s❡❣✉♥❞♦s ✈✐③✐♥❤♦s ❛♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ✉♠❛ tr❛♥s✐çã♦ ♦❝♦rr❡ s❡ J2/J1 >

0,5✳ ◆❡ss❡ ❝❛s♦✱ é ❞❡t❡❝t❛❞❛ ♣♦r ✉♠ ♦✉tr♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠✱ ❞❡♥♦t❛❞♦ σ✳ ❖s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s sã♦ ❞❡

t✐r❛s ❤♦r✐③♦♥t❛✐s ♦✉ ✈❡rt✐❝❛✐s ✭♦r❞❡♥❛♠❡♥t♦s Q = (0, π) ♦✉ Q = (π, 0)✮ ❡✱ t❛❧ q✉❛❧ ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✱ ❛ s✐♠❡tr✐❛

❡♥tr❡ ♦s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s é ❞✐s❝r❡t❛✳ ■ss♦ s✉❣❡r❡ q✉❡ ❛ tr❛♥s✐çã♦ s❡❥❛ ❞❡ ♠❡s♠❛ ♥❛t✉r❡③❛ q✉❡ ♥♦ ♠♦❞❡❧♦ ❞❡

■s✐♥❣✱ ♦ q✉❡ é ❝♦♥✜r♠❛❞♦ ♣❡❧♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦✳

❆ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ❧✐❣❛çã♦ ❞❡❢❡✐t✉♦s❛ q✉❡❜r❛ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ✉♠ s✐st❡♠❛

✜♥✐t♦✱ ❡♠❜♦r❛ ♦s ❞♦✐s ❡st❛❞♦s ❞❡ t✐r❛s ❝♦♥t✐♥✉❡♠ ❛♣❛r❡❝❡♥❞♦✳ ◗✉❛♥❞♦ t♦❞❛s ❛s ❧✐❣❛çõ❡s ❞❡ ♣r✐♠❡✐r♦ ✈✐③✐♥❤♦ sã♦

❛❧t❡r❛❞❛s✱ ♣❡r❞❡✲s❡ ❛ tr❛♥s✐çã♦✱ ❡ ❛❧t❡r❛çõ❡s ♠❛✐s ✈✐❣♦r♦s❛s ✭❝♦♠ ✉♠ ♣❛râ♠❡tr♦ ∆ ♠❛✐♦r✮ ❣❡r❛♠ ❝♦♥✜❣✉r❛çõ❡s

♠✐♥✐♠✐③❛❞❛s ♠❛✐s ❛❧❡❛tór✐❛s✱ ❝♦♠ ❞♦♠í♥✐♦s ♠❡♥♦r❡s✳ ■ss♦ s✉❣❡r❡ q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ q✉❡ ❛♣❛r❡❝❡ ♣❡❧❛

❢r✉str❛çã♦ ♥ã♦ s♦❜r❡✈✐✈❡ à ✐♥tr♦❞✉çã♦ ❞❡ ❞❡s♦r❞❡♠✳ ❊ss❡ é ✉♠ r❡s✉❧t❛❞♦ ✐♥t❡r❡ss❛♥t❡ ❛ s❡r ❡①♣❧♦r❛❞♦ ♣❡❧♦ ❣r✉♣♦

♥♦ ❢✉t✉r♦✳

✺ ❆♣ê♥❞✐❝❡✿ ❆❧❣♦r✐t♠♦ ❞❡ ❲♦❧✛

❉✉r❛♥t❡ ❡st❡ ♣r♦❥❡t♦✱ t❛♠❜é♠ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❲♦❧✛✱ ♦ q✉❛❧✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ ▼❡tr♦♣♦❧✐s

❡ ❜❛♥❤♦ tér♠✐❝♦✱ é ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ❣✐r❛ ❛❣❧♦♠❡r❛❞♦s ❞❡ s♣✐♥s ❡♠ ✈❡③ ❞❡ s♣✐♥s ✐♥❞✐✈✐❞✉❛✐s✳

❆ ❞❡s❝r✐çã♦ ♠❛✐s s✐♠♣❧❡s s❡ ❞á✱ ♥❛t✉r❛❧♠❡♥t❡✱ ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✳ ■♥✐❝✐❛❧♠❡♥t❡ ❛♣❡♥❛s ✉♠ s♣✐♥ ❞❛ r❡❞❡✱

❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡ ❞❡♥♦♠✐♥❛❞♦ s❡♠❡♥t❡✱ ✐♥t❡❣r❛ ♦ ❛❣❧♦♠❡r❛❞♦✳ ❈❛❞❛ ✈✐③✐♥❤♦ s❡✉ é ❡♥tã♦ ❝♦♥s✐❞❡r❛❞♦✳

❙❡ ❡st✐✈❡r ♥❛ ♠❡s♠❛ ❞✐r❡çã♦ ❞❛ s❡♠❡♥t❡✱ é ❛❞✐❝✐♦♥❛❞♦ ❛♦ ❛❣❧♦♠❡r❛❞♦ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ Padc✳ ❈❛❞❛ ♥♦✈♦

✐♥t❡❣r❛♥t❡ ❞♦ ❛❣❧♦♠❡r❛❞♦ é s❡❧❡❝✐♦♥❛❞♦ ✉♠❛ ú♥✐❝❛ ✈❡③ ❡ t❡♠ s❡✉s ✈✐③✐♥❤♦s t❛♠❜é♠ ❝♦♥s✐❞❡r❛❞♦s ❡ ❛❞✐❝✐♦♥❛❞♦s

❛♦ ❛❣❧♦♠❡r❛❞♦ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ Padc✳ ❖ ♣r♦❝❡ss♦ só ❛❝❛❜❛ q✉❛♥❞♦ t♦❞♦s ♦s s♣✐♥s ❞♦ ❛❣❧♦♠❡r❛❞♦ t✐✈❡r❡♠ s✐❞♦

s❡❧❡❝✐♦♥❛❞♦s ✉♠❛ ✈❡③✳ ◆♦ ✜♠✱ t❡♠✲s❡ ✉♠ ❛❣❧♦♠❡r❛❞♦ ❝♦♠♦ ♦ ❞❛ ✜❣✉r❛ ✶✽✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❛ r❛③ã♦ ❡♥tr❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ s❡❧❡çã♦ gab ❡ gba✱ ❝♦♥s✐❞❡r❡ a ❝♦♠♦ ♦ ❡st❛❞♦ ❞❛❞♦ ♥❛

✜❣✉r❛ ✶✽ ❡ b ❝♦♠♦ ❛q✉❡❧❡ ❡♠ q✉❡ ♦s s♣✐♥s ❛❞✐❝✐♦♥❛❞♦s ❛♦ ❛❣❧♦♠❡r❛❞♦ ❢♦r❛♠ ✈✐r❛❞♦s✳ ❙❡❥❛♠ p ❛s ❧✐❣❛çõ❡s

q✉❡❜r❛❞❛s ♥♦ ♣r♦❝❡ss♦ a → b ❡ q ❡♠ b → a✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♥ã♦ ❛❞✐❝✐♦♥❛r ♦s s♣✐♥s ❞❛s ❧✐❣❛çõ❡s q✉❡❜r❛❞❛s

♣♦r a → b é (1− Padc)
p❀ ♣♦r b → a✱ (1− Padc)

q✳ P♦rt❛♥t♦✱

Aabgab
Abagba

=
Aab

Aba

(1− Padc)
p−q = exp[−β(Eb − Ea)] ✭✶✼✮

P❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s p ❧✐❣❛çõ❡s q✉❡❜r❛❞❛s✱ ❛ ❡♥❡r❣✐❛ ✐♥✐❝✐❛❧ ❡r❛ −J ❡ ❛ ✜♥❛❧✱ +J ✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠ s❛❧❞♦ +2J

❞❡ ❡♥❡r❣✐❛ ❛♣ós ❛ ❛❧t❡r❛çã♦✳ ❖ r❡st❛♥t❡ ❞❛s ❧✐❣❛çõ❡s✱ q✉❡ sã♦ q✱ ❞ã♦ ✉♠ s❛❧❞♦ −2J ✳ ❆ss✐♠✱ Eb−Ea = 2J(p− q)

❡

Aabgab
Abagba

=
Aab

Aba

(1− Padc)
p−q = exp[−2Jβ(p− q)] ✭✶✽✮

❘❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s✱ ♦❜té♠✲s❡ ❛ r❛③ã♦ ❞❛s t❛①❛s ❞❡ ❛❝❡✐t❛çã♦

Aab

Aba

= [(1− Padc)e
2Jβ ]q−p ✭✶✾✮

❊♥tã♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❢❛③✲s❡ Padc = 1− e−2Jβ ✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✶✾✮ é 1 ❡ s❡ ♣♦❞❡ ❡s❝♦❧❤❡r

❛ ♠❡❧❤♦r t❛①❛ ❞❡ ❛❝❡✐t❛çã♦ ♣♦ssí✈❡❧✱ Aab = 1 = Aba✱ ♦✉ s❡❥❛✱ t♦❞♦ ❛❣❧♦♠❡r❛❞♦ ❣❡r❛❞♦ é s❡♠♣r❡ ✈✐r❛❞♦✳

✶✺



❈♦♥st❛t❛✲s❡ q✉❡ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ é s❛t✐s❢❡✐t❛ t♦♠❛♥❞♦ ✉♠ ❛❣❧♦♠❡r❛❞♦ ❞❡ ❛♣❡♥❛s ✉♠ s♣✐♥✱ ❞❡

❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦ ▼❡tr♦♣♦❧✐s✳

❋✐❣✉r❛ ✶✽✿ ❯♠ ❛❣❧♦♠❡r❛❞♦✱ ♠❛r❝❛❞♦ ❝♦♠ ✬❳✬✱ ❣❡r❛❞♦
♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ❲♦❧✛ ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✳ ❈❛❞❛ ❝♦r
✐♥❞✐❝❛ ✉♠❛ ❞❛s ❞✉❛s ♦r✐❡♥t❛çõ❡s ❞❡ s♣✐♥✱ ❡ ♦s tr❛ç♦s
❛③✉✐s✲❝❧❛r♦ ♠♦str❛♠ ❧✐❣❛çõ❡s q✉❡ s❡rã♦ q✉❡❜r❛❞❛s ❛♦
❣✐r❛r ♦ ❛❣❧♦♠❡r❛❞♦✳

❋✐❣✉r❛ ✶✾✿ ◆ú♠❡r♦ ◆ ❞❡ sít✐♦s ❞♦ ❛❣❧♦♠❡r❛❞♦ ♣♦r sí✲
t✐♦s ❞❛ r❡❞❡ ▲①▲ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❚ ❝♦♠ ♦
❛❧❣♦r✐t♠♦ ❞❡ ❲♦❧✛ ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ✭■✮ ❢❡rr♦♠❛❣♥é✲
t✐❝♦✱ (J1; J2) = (1; 0)✱ ♦✉ ❍❡✐s❡♥❜❡r❣ ✭❍✮ ❝♦♠ s❡❣✉♥❞♦s
✈✐③✐♥❤♦s✱ (J1; J2) = (1; 0,55)✳ ❆s ❧✐♥❤❛s tr❛❝❡❥❛❞❛s ❞❡✲
♠❛r❝❛♠ Tc✳

0 1 2 3 4 5
T (J)

0

0,2

0,4

0,6

0,8

1

N

L=10, H
L=30, H
L=60, H
L=10, I
L=30, I
L=60, I

✺✳✶ ■♠♣❧❡♠❡♥t❛çã♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣

❊♠ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ❞❡ s♣✐♥s✱ ❞❡ ❞✐♠❡♥sõ❡s ▲①▲✱

✶✳ ●❡r❛✲s❡ ✉♠❛ ❞✐r❡çã♦ d = (x, y, z) ❛❧❡❛tór✐❛✱ ❝♦♠ |d| = 1❀

✷✳ ❈r✐❛✲s❡ ✉♠❛ ✈❛r✐á✈❡❧ ❝❤❛♠❛❞❛ ❛❣❧♦♠❡r❛❞♦❀

✸✳ ❯♠ sít✐♦ ❛❧❡❛tór✐♦ ❞❛ r❡❞❡✱ ❞❡♥♦♠✐♥❛❞♦ s❡♠❡♥t❡✱ é ❝♦❧♦❝❛❞♦ ♥♦ ❛❣❧♦♠❡r❛❞♦❀

✹✳ P❛r❛ ❝❛❞❛ s♣✐♥ Si ♥♦ ❛❣❧♦♠❡r❛❞♦✱ ✈❡r✐✜❝❛✲s❡ ❝❛❞❛ ✈✐③✐♥❤♦ Sj ✱ ♦ q✉❛❧ é ❛❞✐❝✐♦♥❛❞♦ ❛♦ ❛❣❧♦♠❡r❛❞♦ ❝♦♠

♣r♦❜❛❜✐❧✐❞❛❞❡ P = 1− exp −2J
kT

(Si · d)(Sj · d)❀

✺✳ ■♥✈❡rt❡♠✲s❡ t♦❞♦s ♦s s♣✐♥s ❞♦ ❛❣❧♦♠❡r❛❞♦✳

N é ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ♥♦ ❛❣❧♦♠❡r❛❞♦ ❝♦♥s♦❧✐❞❛❞♦ ❞✐✈✐❞♦ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❞❛ r❡❞❡ ❛♣ós ❛ ✈❛rr❡❞✉r❛✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ▼❡tr♦♣♦❧✐s✱ ♦ ❞❡ ❲♦❧✛ ❡♠ ❣❡r❛❧ ♥ã♦ ✈✐s✐t❛ t♦❞♦ sít✐♦ ❞❛ r❡❞❡ ❡♠ ❝❛❞❛ ✈❛rr❡❞✉r❛✳

✺✳✷ ❘❡s✉❧t❛❞♦s ✕ ❲♦❧✛

❖ ❛❧❣♦r✐t♠♦ ❞❡ ❲♦❧✛ ✈✐s❛ ❛ ♦t✐♠✐③❛r ❛ ❛♥á❧✐s❡ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ♣ró①✐♠❛s à ❝rít✐❝❛✱ r❡❞✉③✐♥❞♦ ❛s ❜❛rr❛s

❞❡ ❡rr♦ ♣❡rt♦ ❞❛ tr❛♥s✐çã♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦ ❞❡ ▼❡tr♦♣♦❧✐s✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ ♦s ✈❛❧♦r❡s ❡♠ s✐ ❞❡✈❡♠ ✜❝❛r

✐♥❛❧t❡r❛❞♦s✱ ❡ é ✐ss♦ q✉❡ s❡ ♦❜s❡r✈❛ ♥❛ ✜❣✉r❛ ✷✵✳

❯♠❛ ♠❡❞✐❞❛ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛❢❡r✐r ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ é ♦ t❛♠❛♥❤♦ ❞♦ ❛❣❧♦♠❡r❛❞♦✳ ◆♦ ♠♦❞❡❧♦ ❞❡

■s✐♥❣✱ à ♣r♦♣♦rçã♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞✐♠✐♥✉✐✱ ❡❧❡ ❛✉♠❡♥t❛ ♣♦✐s ♦s s♣✐♥s t❡♥❞❡♠ ❛ ❡st❛r ❛❧✐♥❤❛❞♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

❡♠ T < Tc✳ ❖ ❝♦♥trár✐♦ ♦❝♦rr❡ ♣❛r❛ T > Tc ✭❣rá✜❝♦ ✶✾✮✳ ❊♥tr❡t❛♥t♦✱ ♥♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ♥♦t❛✲s❡ q✉❡ ♥❛ r❡❣✐ã♦

✶✻



❋✐❣✉r❛ ✷✵✿ ❈❛❧♦r ❡s♣❡❝í✜❝♦ ❈ ❞❡ ✉♠❛ r❡❞❡ ✻✵①✻✵ ❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❇✐♥❞❡r ❯ ❞❡ ✉♠❛ r❡❞❡ ✷✵①✷✵ ❡♠ ❢✉♥çã♦ ❞❛
t❡♠♣❡r❛t✉r❛ ❚ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❝♦♠ (J1; J2) = (1; 0,55)✳ ❖s ❞❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s ❝♦♠ ♦s ♠❡s♠♦s
♥ú♠❡r♦s ❞❡ ❛♠♦str❛❣❡♥s ◆❱❆❘ ❡ ◆▲■❳❖✱ ♠❛s ❛s ❜❛rr❛s ❞❡ ❡rr♦ sã♦ ♠❡♥♦r❡s ❡♠ ▼❡tr♦♣♦❧✐s✳

0,1 0,15 0,2 0,25
T (J)

1

2

3

4

5

C

Wolff
Metropolis

0,15 0,18 0,21 0,24 0,27 0,3
T (J)

0

0,2

0,4

0,6

0,8

1

U

Wolff
Metropolis

❞❛ tr❛♥s✐çã♦✱ ❝✉❥❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ é ❞❡③ ✈❡③❡s ♠❡♥♦r q✉❡ ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✱ ♦ ❛❣❧♦♠❡r❛❞♦ ❥á ❛❜❛r❝❛ q✉❛s❡

t♦❞❛ ❛ r❡❞❡✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✜❝❛ ✐♥❡✜❝✐❡♥t❡✱ ❧❡✈❛♥❞♦ ♠❛✐s t❡♠♣♦ ❡♠ r❡❧❛çã♦ ❛♦ ❞❡ ▼❡tr♦♣♦❧✐s✳

◆❡ss❡ ❝❛s♦✱ ♦ ❲♦❧✛ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✶✱ ✈✐r❛♥❞♦ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ s♣✐♥s ♦r✐❡♥t❛❞♦s

✐❣✉❛❧♠❡♥t❡ ❡♠ ✈❡③ ❞❡ ✈✐r❛r ❛q✉❡❧❡s ♣♦✉❝♦s q✉❡ ❡stã♦ ❝♦♥trár✐♦s à ❞✐r❡çã♦ ❞❛ ♠❛✐♦r✐❛✳ ❊♠❜♦r❛ t❛❧ ♣r♦❝❡ss♦ s❡❥❛

✐♥❡✜❝✐❡♥t❡ ❡ ❝♦♥tr❛st❡ ❝♦♠ ♦ ❢❡♥ô♠❡♥♦ q✉❡ ♦❝♦rr❡ ✜s✐❝❛♠❡♥t❡✱ ❡❧❡ ♥ã♦ ❛❝❛rr❡t❛ ❡rr♦s ❞❡ ♠❡❞✐çã♦✱ ♣♦✐s ❛ ❡♥❡r❣✐❛

❡ ❛ ♠❛❣♥❡t✐③❛çã♦✱ ❡st❛ t♦♠❛❞❛ ❡♠ ✈❛❧♦r ❛❜s♦❧✉t♦✱ sã♦ ❛s ♠❡s♠❛s✳ ❆✐♥❞❛ ❛ss✐♠✱ ❝♦♠♦ ♥ã♦ ❤á ♠❡❧❤♦r❛ ♥♦s

r❡s✉❧t❛❞♦s✖ ❛♦ ❝♦♥trár✐♦✱ ❛s ❜❛rr❛s ❞❡ ❡rr♦ ✜❝❛♠ ♠❛✐♦r❡s ❡♠ r❡❧❛çã♦ ❛♦ ❞❡ ▼❡tr♦♣♦❧✐s✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛

✷✵✖✱ s✉❛ ❛♣❧✐❝❛çã♦ ♥ã♦ s❡ ❥✉st✐✜❝❛✱ ❡ é ♣♦r ✐ss♦ q✉❡ s❡ r❡❝♦rr❡✉ ❛♣❡♥❛s ❛ ▼❡tr♦♣♦❧✐s ❡ ❜❛♥❤♦ tér♠✐❝♦ ♣❛r❛ ❛s

❛♥á❧✐s❡s ❝❡♥tr❛✐s ❞❡st❡ ❡st✉❞♦✳
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